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Abstract 

We use the framework of matrix factorizations to study topological 5-type D- 
branes on the cubic curve. Specihcally, we elucidate how the brane RR charges 
are encoded in the matrix factors, by analyzing their structure in terms of sec¬ 
tions of vector bundles in conjunction with equivariant i?-symmetry. One par¬ 
ticular advantage of matrix factorizations is that explicit moduli dependence is 
built in, thus giving us full control over the open-string moduli space. It allows 
one to study phenomena like discontinuous jumps of the cohomology over the 
moduli space, as well as formation of bound states at threshold. One interest¬ 
ing aspect is that certain gauge symmetries inherent to the matrix formulation 
lead to a non-trivial global structure of the moduli space. We also investigate 
topological tachyon condensation, which enables us to construct, in a system¬ 
atic fashion, higher-dimensional matrix factorizations out of smaller ones; this 
amounts to obtaining branes with higher RR charges as composites of ones with 
minimal charges. As an application, we explicitly construct all rank two matrix 
factorizations. 
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1. Introduction 


1.1. Motivation and overview 

L>-branes play a very important role in our understanding non-perturbative prop¬ 
erties of string and field theories, as well as in building semi-realistic models. However, 
the naive geometrical notion of a il>-brane, in which it is thought of as wrapping some 
p-dimensional cycle of a Calabi-Yau manifold, is a classical concept that is valid only in 
certain limiting situations, such as the large radius limit. When distances are small or 
curvatures large, quantum corrections tend to blur notions of classical geometry, such 
as the dimension of a wrapped submanifold. Moreover, branes can become unstable 
and decay in ways that are not visible classically. 

Therefore one needs to adopt a more suitable language for describing general 
T>-brane conhgurations. For topological 5-type 5-branes, the proper mathematical 
framework is a certain enhanced, bounded derived category of coherent sheaves []l],^,^ 
(and via homological mirror symmetry |^,^, this maps to the Fukaya category of A- 
type branes wrapping special Lagrangian cycles). This framework retains more data 
than the more familiar characterization just in terms of iF-theory (be., RR charges) 
and thus provides a much sharper description of 5-branes. That is, the category also 
contains the information about the brane locations, and other possible (bundle or 
sheaf) moduli. For instance, a conhguration consisting of an anti-50-brane located 
at some point Ci of the compactihcation manifold, plus a 50-brane located at some 
other point (^25 is trivial from the iF-theory point of view, but is a non-trivial object 
in the categorical description as long as Ci 7 ^ C 2 - Obviously, this extra information 
is crucial for understanding questions such as whether, in a given 5-conhguration, 
deformations are obstructed or not (be., what is the effective superpotential and the 
moduli space of its flat directions). Moreover, the language of categories is tailor- 
made for addressing questions about stability and bound state formation, which can 
be described more physically by tachyon condensation. Excellent reviews of these 
matters may be found in refs. [^|^. 

Often physicists associate derived categories with just an abstract collection of 
objects (the 5-branes) and maps (open strings) between them, and wonder what 
concrete physical beneht such a picture might provide. Indeed, by merely tracing 
arrows around a quiver diagram, all one obtains is a list of possible terms in the 
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effective superpotential and these terms are merely added up with unit coefficients. 
However, there is more to these maps than just being pointers between objects: in 
general they depend on the various parameters like brane-location moduli, and thus 
encode valuable extra information beyond mere combinatorics. Thus, superpotential 
terms derived from quiver diagrams will, in general, have pre-factors depending on the 
various moduli of the geometry, a fact that is often neglected in the physics literature. 


The abstract notions of objects and morphisms (maps) can, in fact, be easily 
translated into a language more familiar to physicists via the following two logical 
steps. First, as has been proven recently |g| in quite some generality (see also |^), the 
relevant category of topological 5-type 5-branes is isomorphic to a certain category 
of matrix factorizations 00, which encodes the specihc 5-geometry in question. 
Second, such matrix factorizations have a direct interpretation 0 , |T3| in terms of two- 
dimensional topological (twisted N = 2 supersymmetric) boundary Landau-Ginzburg 
theory 0.0. Specihcally, the maps alluded to above feature (partly) as bound¬ 
ary superpotentials. Thus, via this chain of arguments, boundary Landau-Ginzburg 
theory provides a very explicit realization of the topological held theory of 5-type D- 
branes. A sample computation was presented in ref. [|l^ demonstrating how it can be 
used, in conjunction with mirror symmetry, to explicitly determine moduli-dependent, 
instanton-corrected contributions to superpotentials on intersecting branes. 


The purpose of the present paper is to use the language of matrix factorizations 
to develop, from a physicist’s point of view, a better understanding of tachyon con¬ 
densation and the process of composite formation of 5-type 5-branes. Specihcally, 
we will analyze, in some detail, 5-branes on the cubic curve, E, which is the sim¬ 
plest situation with both bulk and boundary (brane) moduli and can be studied fairly 
explicitly. 


Mathematically, the classihcation of bundles on the elliptic curve is a completely 
solved problem |^: An indecomposable bundle is uniquely determined by rank and 
hrst Ghern class of the bundle T, plus a continuous parameter (: {r{S),ci{£),() = 
(A^ 2 , Nq, C). In physical terms, this corresponds to the number of 52 and 50-branes 
plus, essentially, the location of the 50-brane on E. The mirror map to the Fukaya 
category of A-type branes is understood as well . Matrix factorizations describing 
bundles on E have been described in ref. 0], but only for hxed moduli and not via 


2 



















tachyon condensation.u We will make use of these mathematical results to construct 
and analyze matrix factorizations explicitly depending on moduli, extending prior 
work pT|JT^] in a systematic fashion. Specihcally we will show how the bundle data 
{r{S), ci{£), C) are explicitly encoded by certain properties of the matrices. This leads 
to an algorithm that allows one to recover the brane data encoded in a given matrix 
factorization. 

As an application of this we study (topological) tachyon condensation of pairs 
of branes. This problem has two parts: hrst, determining the open-string spectrum 
by solving the relevant cohomology problem, and second, identifying the bundle data 
{N 2 , Nq, Q of the matrix factorization that results from perturbing the direct product 
of matrix factorizations with an open string cohomology element. While we will 
encounter a few minor subtleties (such as discontinuous jumps of the cohomology upon 
varying moduli, and the formation of composites at threshold), the physical results 
are entirely as expected: brane composites can be formed according to the vector 
addition of brane charges, provided one properly chooses the perturbing tachyonic 
operators and appropriately tunes the moduli. 

We will show explicitly how all conhgurations with rank r — N 2 < 2 can be built 
out of a minimal generating set of two-dimensional factorizations, which correspond 
to T>-branes whose RR charges generate the full charge lattice. It is pretty clear that 
by iteratively applying the same logic, brane composites corresponding to arbitrary 
points (A ^2 5 A"o) on the charge lattice can be generated. Of course, this does not come 
as a surprise, but this isn’t the point of the present paper - the point is to understand 
how rather abstract mathematical concepts can be realized in a concrete physical 
framework, namely boundary Landau-Ginzburg theory and how to understand con¬ 
densation within that framework. We expect that the insight we gain will be useful 
for attacking more complicated geometries, like branes on threefolds. 

The plan of the paper is as follows: In the remainder of this section, we will 
review the description of S-branes by matrix factorizations in very simple terms; 
this is aimed at non-experts. Moreover, we will outline the main points of tachyon 
condensation in such models and present a few examples. Section 2 is then devoted 

^ While writing up this paper, we received a paper [p0|| that also deals with matrix 
factorizations pertaining to the elliptic curve, and which has some overlap with our work. 
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to a general discussion of how the bundle data of a given brane conhguration are 
encoded in the corresponding matrix factorization. An important role is played by 
the holomorphic sections of bundles on the elliptic curve, which are given by Riemann 
theta functions and Appell functions, for rank one line bundles and rank two vector 
bundles, respectively. 

In Section 3 we will reconsider the known 2x2 and 3x3 dimensional factor¬ 
izations, and discuss in detail their structure in terms of transition functions of the 
relevant bundles. Section 4 deals with the open-string moduli space of the 3x3 fac¬ 
torization, which has a non-trivial global structure due to gauge symmetries inherent 
to the factorization; also, we will hnd how its moduli space can be compactihed by 
adding an exceptional 4x4 factorization at the boundary, which appears to describe 
a pure, rigid anti-Ii>2-brane. 

In Section 5 we address how to properly formulate tachyon condensation in term 
of equivariant R-symmetry; this is necessary for disentangling the various different 
branes that are described by a given matrix factorization, and for subsequently iden¬ 
tifying the various tachyon channels between pairs of them. Section 6 provides some 
more tools for obtaining new matrix factorizations from known ones; in particular we 
introduce certain bound states at threshold, which resolve a certain singularity in the 
multi-brane moduli space. Finally, in Section 7 we apply the techniques developed in 
the preceding sections, and show how the factorizations describing certain rank two 
vector bundles can be systematically generated by condensation of lower rank branes. 
We have also relegated some more technical material to the appendices. 

1.2. Recapitulation: B-type branes on the elliptic curve E 

We will consider R-type branes on the cubic curve, E, dehned by the following 
hypersurface in P^: 

W{x) = (^xi^ + X 2 ^ + xs^) — 3axiX2X3 = 0. (1-1) 

Here, a is the complex structure modulus that is related to the standard modulus of 
the torus via: 

3a(a^-|-8)\3 
-3-^W’ 
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where j(r) = q~^ + 744 + ... is the familiar modular invariant function in terms of 
q = and r is the flat coordinate of the complex structure moduli space, which 

coincides with the Kahler modulus of the mirror curve, E. The coordinates on the 
cubic can be uniformized in terms of theta functions by writing X£ = where 






0 


_ 1 

L 2 


2 3e,3r 


(1.3) 


with u = For further details we refer the reader to Appendix A. Here, ^ is an 

arbitrary point on the Jacobian of E, which coincides with E itself. One should also 
note that is not a function on E, but is actually a section of the line bundle, 
with hrst Chern number ci = 3. This will lead to a natural ambiguity in determining 
the bundle data associated with a given matrix factorization. 


As has been discussed by now in many papers |1T^JT^ , p3| -^ , topological H-type 
U-branes can be described by a two-dimensional, twisted N = 2 supersymmetric 
boundary Landau-Ginzburg model based on matrix factorizations of the form 


J{x)E{x) = E{x)J{x) = lH(x)l„xn. (1.4) 


Here J{x) and E{x) are nxn polynomial matrices!! with values in ^[xi^X 2 ^ iCs], whose 
precise form depends on the H-brane conhguration in question. It will be important 
later to make use of the fact that ( p..4| ) is invariant under gauge transformations of 
the form: 

J{x) Ul{x) J{x)Ur{x) , 

E(x) ^ U-iiHx)E(x)UzHx) , 

for polynomial matrices Ul,r{x) that are invertible over C[xi,X 2 ,X 3 ]. In particular, 
this means we can do arbitrary row and column reduction operations on J (respec¬ 
tively, E) so long as one does the corresponding inverse operations on E (respectively, 
J). For further details of this procedure we refer the reader to Appendix B. 


We do not require n to be the dimension of a Clifford algebra, which would be needed 


if we introduced boundary fermions |G]. The implementation of more general boundary 
couplings not involving fermions, was discussed in refs. 
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Mathematically, matrix factorizations form a category [|10| , p!l| with objects P of 
the form 

Pi 


P = 


Jp 


Ep 


(1.6) 


where Pq and Pi are certain projective modules over C[xi... ^Xm]- This “compos¬ 
ite” form of objects, P, has a simple physical interpretation. Recall that the usual 
bulk Landau-Ginzburg action is not conformally invariant, but represents an action 
that will flow, in the infra-red, to the conformal held theory of interest, and the su¬ 
perpotential will remain unrenormalized along the how. By the same token, in the 
boundary theory, the “constituents” Po,i correspond to T>-branes and anti-T>-branes 
in C[a:i..., Xm] and the maps J and E correspond to tachyon prohles that trigger 
the condensing of Po,i into P BH- Thus we construct a particular T>-brane, P, by 
setting up an action that will generate it via an infra-red boundary how (he., tachyon 
condensation). In this formulation, J has the interpretation as a boundary super¬ 
potential while E appears in a modihed chirality condition of fermionic boundary 
superhelds . 


Anti-P-branes are associated with objects commonly denoted by P[l], and look 
like P in (f^) except that Jp —Ep and Ep — Jp', we will often use the nota¬ 
tion P for them. 


The trivial object in the category, denoted by V, is described by the simplest 
factorization, Pixi, for which J = lixi and P = kklixi, or vice-versa. It corresponds 
to the situation where Pq and Pi have completely annihilated to leave no net branes 
at all. Factorizations of diherent dimension are thus considered to be equivalent if 
they diher by appending or removing such trivial matrix blocks.i 


On the cubic curve, E, the simplest non-trivial factorizations are two- and three¬ 


dimensional 121.If]. The hrst ones are given by: 


^ In the derived category of matrix factorizations these objects are called perfect com¬ 
plexes and are divided out Q, because they do not have any non-trivial morphisms with 
any other object in the category. This means that there are no open-string states associated 
to these perfect complexes, and hence such configurations are isomorphic to the open-string 
vacuum [Qj. 
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-^ 2 x 2 : 


(1.7) 



Qi 

—Q2 

L2 

Li 

Li 

Q2 

1 

to 

Qi 


where the linear entries read 


Li — 013 X 1 — 02 X 3 , 
L 2 = — 03 X 2 + 01 X 3 , 


( 1 . 8 ) 


(01O2X1 + O2X1X2 — O1X2 — 01O3X3) , 


and the qnadratic entries are§ 

Qi = - 

01 O 2 O 3 

Q 2 = -(02X1 — O1X1X2 — 01O2X2 + O3X1X3) . 

01 O 2 O 3 

There is also the three-dimensional factorization given by: 


(1.9) 


-^3x3 : 


J3x3 — 


Esxs — 


Oi Xi 

03 X3 


02 X 3 
Oi X 2 


O2 X2 O3 Xi 

— X?-^^X2 X3 

O'l ^ a.20L^ ^ 

1 0-2 0:2 

JL o 
Q ;2 

— x| -^^Xi X3 

as ^ aia2 ^ 


-Xi X2 



Xi X2 


aias 


-Xn — 

Q 2 ^ 

—x\ — 

as i 
ai ■ 




0(-2 

aias 

0:3 

aia 2 

ai 

a 2 as 


X 1 X 3 
X 2 X 3 
Xi X2 


( 1 . 10 ) 

Both (O) and (| 1 . 10 | ) represent valid matrix factorizations satisfying (|1.4D precisely 
when the parameters, jnst like the coordinates x^, satisfy the cubic equation: 


(oi^ -|- 02 ^ T 03 ^^ — 3 Q. 01 O 2 O 3 — 0 . 

One may therefore uniformize these parameters by taking, once again: 


( 1 . 11 ) 


( 1 . 12 ) 


^ This particular matrix factorization is valid for 03 7 ^ 0 because then Li and L 2 are 
linear independent. For the singular limit 0:3 = 0 one needs to go to a different coordinate 


patch |]16||. For m = 0 the matrix E also becomes singular. However, this can be fixed by 


apply a gauge transformation of the form Qi 
Similarly one proceeds for 02 = 0. 


Qi -f 


^XiL2, Q2 ^ Q2 — 


rXlLi 
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for some parameter, (. The physical interpretation is that the factorization param¬ 
eters, a£, are modnli of the T>-branes, and ( is the associated flat coordinate that 
labels a point on the curve corresponding to the location of the T>0-brane component 
of the (-D2, DO) brane conhguration. 

As mentioned above, (indecomposable) S-type T>-branes are labeled by their 
RR charges and location: (r(T), ci(T), C) = (A^ 2 ,A"o,C)- In discussing the corre¬ 
sponding holomorphic vector bundles we will adopt a common notation, ^(r, ci), that 
suppresses the parameter, (. We will also use the notation, to denote the 
power of the degree-one line bundle, C. 

The question naturally arises as to the precise map between these bundle data 
and the structure of the matrices J and E that dehne a given factorization, P. This 
will be discussed in detail in Sections 2 and 3 below. We recall here that the two 
factorizations under discussion have been shown to correspond each to a triplet of 
branes with the following charges: 


S^P 2 x 2 : (r, = {(1,0),(0,1),(-1,-1) 

L = P:,^^: (r, ci)^«(L„) = |(2,1), (-1, !),(-!,- 


(1.13) 


As indicated above, we will denote the two factorizations by S and L, each compris¬ 
ing three branes denoted by Sa and L^.i These charge assignments, at least for the 
2 x2 factorization, were originally computed rather indirectly 


16 : The intersec¬ 


tion matrices were computed using the matrix formulation and then the results were 
compared with the intersection matrices computed from the conformal held theory 
and from the geometry. Part of our purpose here is to give a far more direct algorithm 
for computing these geometric data from the matrices. 

Under mirror symmetry, Kahler and complex structure moduli exchange and the 
i?-type branes map into A-type Hl-branes, which are labeled by the winding numbers 


^ In BCFT language, the La are the “Recknagel-Schomerus” branes [39,40| with smallest 
charges, which correspond to holomorphic vector bundles inherited from the ambient 
and as such do not generate the full RR charge lattice. The Sa correspond to the recently- 
discovered “permutation branes” that form an integral basis of the charge lattice 

on the curve. 









p and q: (r, ci)b = {j>Tq)A- Moreover, the brane modulus, Q, maps into a complex 
modulus comprising both position and Wilson line moduli of the Ii>l-brane. Thus, 
the lattice of brane charges can be drawn on the covering space of E, as shown in 
big. 1. 



Fig. 1 : The 2x2 and 3x3 factorizations correspond, via mirror 
symmetry, to Dl-branes that stretch along the “short” (S) and 
“long” (L) diagonals on the elliptic curve, respectively. Here we show 
these D1 branes (suppressing the anti-branes with opposite charges, 
which correspond to factorizations where J and E are exchanged). 
This figure also provides a useful and simple graphical representation 
of the RR charge lattice for the B-branes. 


We have listed in (|1.13|) the charges corresponding to the “Gepner-point” in 
the Kahler moduli space, which is natural from the Landau-Ginzburg perspective. 
However, recall that RR charges are ambiguous due to monodromy, or flow of gradings 
la. in the Kahler moduli. Matrix factorizations, which pertain to the topological 
5-model and thus depend only on the complex structure moduli, are insensitive to 
variations of the Kahler moduli and therefore cannot distinguish bundles differing 
by such monodromies. For example, looping around the large radius limit induces 
a monodromy that amounts to tensoring with powers of the line bundle C^, which 
means that the hrst Ghern number of a rank-r bundle will jump by ±3r. 

On the other hand, performing a “partial monodromy” by moving from the Gep- 
ner point to the large radius limit, the charges (|1.13|) flow according to tensoring with 
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the line bundlei C he., (r, ci) —*• (r, ci — 2r), and this resnlts in the following list 
of charges : 


2 x2: (r, = |(1,-2), (0,1), (-1,1)} 

3x3: (r,ci)^'^(L„) = |(2,-3), (-1, 3), (-1, 0)} . 


(1.14) 


In the following, we will adopt this labeling convention because it refers to the large 
radius limit, which is semi-classical from the point of view of the sigma-model and 
coincides with the labeling in the mathematics literature. 


In order to discuss topological tachyon condensation, we need to determine the 
relevant part of the open-string spectrum. Since, in the twisted theory, the tachyons 
become fermionic operators [M (coupling to bosonic deformation parameters), we will 
consider only fermionic operators here. There are two classes of such operators. First, 
there are boundary preserving operators, represented by 2 np x 2 np dimensional, block 
off-diagonal matrices of the form: Op = iE'(p,p) = (are tied to a single 
brane and describe moduli corresponding to inhnitesimal deformations of the brane 
(such as position shifts). Most of the physics literature on open-string TFT deals with 
this class only. Mathematically these operators correspond to endomorphisms of the 
object P. 


The other class consists of boundary changing operators, Tj-pg), which corre¬ 
spond to open strings stretching between pairs of branes P and Q and thus are local¬ 
ized at their intersection.0 See [Fig. 2\ These are the topological version of tachyons, 
and indeed they typically have /^-charges g < 1 , which means that they are relevant 
operators inducing a non-trivial boundary RG flow. They can be written in terms of 
2np X 2nQ dimensional, block off-diagonal matrices of the form: \l/(pg) = 

The role of V’o and ifji as maps between the composite objects P and Q can be visu¬ 
alized by the following diagram: 

® This can be understood from a linear sigma model point of view Q. Note that this is 
also closely related to Seiberg dualities 1^] . 

ij 

Non-intersecting branes have a trivial topological open-string spectrum between them 
because the open strings are massive and so are not part of the cohomology. 
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Jp 


Eq . 


(1.15) 



There is a similar structure for the bosonic operators, $. 



Fig. 2 : This shows schematically where boundary preserving (Q) 
and boundary changing operators are located on intersecting 

D-branes and on the boundary of the world-sheet, Z. 


The physical operators then correspond to the non-trivial cohomology elements 
of the BRST operator, which can be written in the form: Q = {%q)- That is, we 
require them to be closed: 


0 = EQ'ipo + 'ipiJp , 
0 = Jq'ipi^tl^oEp , 


(1.16) 


modulo exactness 

= Jq^o - Jp 1 
■ 0 “ = Eqifi- ifo Ep , 


(1.17) 


for any choice of matrices cpo and (pi. 


The open-string spectrum pertaining to the 2x2 and 3x3 matrix factorizations 
can be represented by the quiver diagram shown in [Fig. 3| . The number of arrows 
indicates the number of inequivalent fermionic cohomology elements, and coincides 
with the number of intersection points of the mirror A Hl-branes on the curve. For 
each arrow there is implicitly another one running in the opposite direction, which 
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corresponds to the Serre dual, bosonic operator and which we do not show.B Moreover, 
closed loops denote the boundary preserving deformations. Op. 



Fig. 3 : The quiver diagram displaying the fermionic open string 
states related to the short- and long-diagonal branes, Sa and La. 
The arrows depict the multiplicities. For simplicity, we do not show 
the anti-branes Sa, La. 


1.3. Examples of tacky on condensation 

To illustrate one of the basic techniques we use in this paper, we sketch the two 
simplest possible examples of tachyon condensation; a more extensive analysis will 
be presented in the subsequent sections. To recapitulate the basic point: One wants 
to hud, and turn on, a suitable boundary changing operator \1 /(p q), whose effect is 
to condense two sets of branes, P and Q, to form some composite, R. This process 

^ Fermionic operators ^(p,q) correspond to Ext(P, Q) while bosonic operators $(q,p) 
correspond to Hom(Q,P). Serre duality implies Hom(Q,P) ~ Ext(P, Q). 
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can be visualized by collapsing the two-brane system shown in eq. ( p..l5|) into a single 
object as follows: 



( 1 . 18 ) 


where the composite maps, Jr and Er, can be thought of as {np +nQ) x {np + nQ) 
block matrices of the form: 

If ^ is a non-trivial cohomology element, these matrices satisfy the factorization 
condition (|1.4|) and represent a new S-type of Ii>-brane.i In the following, we will often 
use the following shorthand notation to denote the process of tachyon condensation: 




R . 


( 1 . 20 ) 


Note that this construction is well-known in the mathematical literature and goes by 
the name of the “cone construction”. That is, one writes a sequence of maps in the 
form of a “distinguished triangle”: 

, ( 1 . 21 ) 

where the composite R coincides with what is called the “mapping cone” (for details 
see, for example, ref. [0, and for subtleties concerning off-shell versus on-shell physics, 
see refs. |@,§|). 

In practice, one would like to hnd a simple way to determine exactly what this new 
T>-brane is. From the point of view of matrix factorization, the obvious, but rather 
impractical method is to try to reduce the matrices to some standard set of canonical 
forms. The most efficient way of achieving this end is, in fact, to determine the 

® Note that in principle the maps need not be upper triangular. Factorization then 
becomes a highly non-trivial condition, which in general is satisfied only on a sub-locus of 
the combined open/closed string moduli space; for examples, see ref. p0|] . 
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underlying bundle data for the new brane, R. Of course, as far as the itT-theoretic data 
are concerned, ranks and hrst Chern classes of bundles are additive under condensation 
and thus can be trivially determined. It is, however, not so obvious how to determine 
data beyond RR charges, that is, the extent to which R is decomposable, and how 
the parameters of P and Q combine into the parameter(s) of R. Here we illustrate 
this issue with two examples. 

The simplest possible example is combining a pair of 2 x 2-matrix factoriza¬ 
tions. There are two ways to achieve this, namely either combining a pair of branes, 
or a brane with an anti-brane. We start with the second possibility and take the 
hrst T>-brane to be given by the 2 x 2-matrix factorization S{a) = {J{a),E{a)) 
in eq. O), while the anti-D-brane is represented by the 2 x 2-matrix factorization 
S{(3) — (—i?(/3), — J(/?)). The outcome of the condensation depends on which pre¬ 
cise members, Sa and 5'f,, of the two factorizations S and S we choose to condense, 
and this is tied to which specihc tachyonic operator in the cohomology between the 
factorizations we choose to switch on. 


From the vector addition of RR charges shown in [Fig. 4\ we expect that there 
should be two types of tachyonic perturbations, which either lead to complete annihi¬ 
lation, or to a composite corresponding to a 3 x 3 factorization, L or L. The simplest 
possibility is of course the complete annihilation of the brane/anti-brane pair, which 
we will discuss momentarily; the other, more involved situation will be analyzed in 
Section 5. 


For generic values of the moduli, ai and f3i, of the branes S'!(a) and Si{(3), the 
relevant cohomology of fermionic open-string operators (determined by the physical 
state condition (|1.16| ) modulo (jl.lTj )) turns out to be empty. This reflects the fact that, 
in the H-model mirror picture, the anti-parallel T>l-brane/anti-brane pair does not 
intersect, so that there is no operator that can be used to form a tachyon condensate. 
However, upon tuning ai — (3i it is easy to check that the cohomology jumps and now 
contains the fermionic operator ~ ('0o, V’l) given by 


— ^2x2 5 — l2x2 ■ 


( 1 . 22 ) 


This tuning of the open-string moduli corresponds to the situation where the anti¬ 
parallel brane and anti-brane move on top of each other and where the Wilson line 
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Fig. 4: In addition to the two simple condensation processes dis¬ 
cussed in this section, we show here how the rank two composites 
can he generated by condensing S and L branes or anti-branes, S and 
L, respectively, by switching on suitable tachyons. The anti-branes 
are denoted by dashed arrows. Details will be discussed in Section 
7. 


moduli of the branes are tuned to match. In fact the cohomology then also contains 
an extra bosonic operator, so that the intersection index -g^ = Tr^^ 1)'^ = 
dim(Hom(Si, Si)) — dim(Ext(Si, Si)) = 0 does not change.0 


To see that the result of the condensation induced by ( p..22|) is indeed the ex¬ 
pected trivial ground state, one can make use of the gauge transformations ( |1.5|) , and 
most particularly, of the constant entries of the V’o,!, to make elementary row and 
column reductions of Jp and Ep to show that they are gauge equivalent to the trivial 
factorization (given by matrices with either 1 or IT on the diagonal). See Appendix 
B for more discussion of gauge transformations and row and column reduction. 


The next-to-simplest possibility is to condense two of the same type of matrix 
factorization, but with different values of the moduli: S{a) condensed with S{l3). We 
hnd that there are two distinct choices for the tachyon, and the choice of the tachyon 
again relates to which particular branes, Sa{c() and Sb{(3), in the families described 

The appearance of such pairs is not a special feature of the 2x2 factorizations, but 
instead this operator, as well as its bosonic partner, appear for any anti-parallel brane/anti- 
brane pair as long as the open-string moduli of both branes coincide. 
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by the factorizations, S{a) and 5'(/3), participate in the condensation. In section 4 
we will analyze the interrelation between the tachyonic spectrnm and the choice of 
brane pairs in complete detail, nsing eqnivariant /^-symmetry For the present we will 
choose the tachyon that leads to the condensation of S'! and S 2 to form a composite 
anti-brane, Ss {c.f. |Fig. 4|) . 

This tachyon, represented by the bonndary changing fermionic operator 5 ^) P): 

is fonnd to be 0 


V’o(a,/?) 


\Gi[a,(3) G2{a,p))^ 


V'l («,/?) 


The constant entries are given byli 


(-G2{(3,a) H2{(3,a)\ 

V Gi{(3,a) 

(1.23) 


G'i(a,/ 3 ) — , 

G2(a,/3) = —01201 + (y.2(32fiz i 


while the linear entries are: 


H2{a,(3) 


aiP2\ [oil /5i A f ois 0 


^ 0 ^ 2/32 _ asPf _ o^3Pi \ f _ 0^20 

«2 0 00 00 ) \ 0 


(1.25) 


X2 ■ 


The fermionic operator (|1.23| ) can be used to construct a condensate R via the 
cone construction mentioned above, and one obtains the following 4 x 4-matrix fac¬ 
torization: 


Jnioi, 0 


(J{P) i>o{a,l3)\ 
1 0 J(a) ) 


£«(a, I3) 


(E{I3) Ma,l3)\ 

1 0 E{a) ) ■ 


(1.26) 


Since the tachyon operator, 4/(5^ 5^)5 contains the constant entries (|1.24| ), the matrix- 
factorization can again be simplihed by the process of row and column elimination. 


These expressions have also been obtained by J. Walcher who participated in early 
stages of this project. 

These vanish for Ui = f3i. However, at ai = jSi there exists a cohomology element of 
different form, for which the following arguments hold analogously. 
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After a few straightforward steps of algebra, the matrix factorization 
cast into its gange-eqnivalent form: 


(|1.26|) can be 


Jr{i) 


where 


(° 

-Li(7) 0 

-< 52 ( 7 ) \ 


( ° 

0 1 


0 

w 

0 1 
0 0 

0 

0 

, Er(7) = 

-<5i(7) 

0 

0 0 
W 0 

< 52 ( 7 ) 

0 

\ 0 

^ 2 ( 7 ) 0 

-Qi(7)/ 


V-L 2 ( 7 ) 

0 0 



(1.27) 


71 — Ol2(3lP2 — 01101^01 , 

72 = q ; 1 / 52/53 - , ( 1 - 28 ) 

73 = q ;?/ 3 i /33 - cx2a3/32 . 


The parameters 7 ^ also satisfy the cnbic torns eqnation, jnst like the parameters ai in 
( 11 . 11 |) . Indeed, the 7 ^ become much simpler when written in terms of the uniformizing 
variables and, as we will discuss in later sections, ( 1.28|) merely represents the addition 
formula for theta functions. 


If we now drop the two trivial D-branes in the matrix factorization ( 1.27|) (each 
corresponding to J = lixi and E = Wlixi-, or vice versa), we dually obtain for the 
condensate R the following 2x2 factorization: 


Jr{i) 


/-Li(7) -Q2(7)^ 

V ^ 2 ( 7 ) -Qi(7)/ 


ERin) 


(-Qi{r) Q2{i)\ 

V-L2(7) 


(1.29) 


We can readily identify it with ^'( 7 ) = (—i?( 7 ), — 7 ( 7 )), which corresponds to an 
anti-brane (c./. ( pT7|) ) depending on the open-string modulus, 7 . 


2. Holomorphic vector bundles and matrix factorizations 


As we discussed earlier, the classihcation of S-type branes is given by that of 
holomorphic vector bundle£i and this is equivalent to hnding matrix factorizations. 


13 


More generally, S-type branes are described in terms of coherent sheaves, which is a 


notion more general than vector bnndles. As we will explain later and as pointed out in [26|, 
in order to describe sheaves that are not vector bundles, the construction detailed below 
needs to be refined by using eqnivariant i?-symmetry. 
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Since the primary focus of this paper is upon matrix factorization, and how to generate 
new matrix factorizations from old ones via tachyon condensation, we will discuss in 
some detail how one can extract the bundle data from the matrices. The converse 
construction is also possible 0, but we will not address it directly here. 


More concretely, we will see in the following how one can associate a bundle with 
each of the matrix factors, J and E. We will denote these bundles by £j and £e, 
respectively. The charges of the branes will then be determined by Sj and the charges 
of the anti-branes hj Se- The impatient reader, who would like to skip the technical 
details, is invited to move on to Section 3.4, where we summarize our hndings with 
regard to the brane charges. 


Before starting with the discussion, one should also note that the bundle data 
that we seek has a natural ambiguity coming from the fact that the coordinates, xj, 
are themselves sections of the line bundle, and since we allow ourselves to multiply 
and divide vectors by the Xj, any bundle data that we get will be ambiguous up to 
tensoring by powers of this line bundle. Therefore, S (r, d ), will be indistinguishable 
from T(r, (i±3r); note that this is compatible with the ambiguity induced by the large 
radius monodromy in the Kahler moduli space. 

There is a closely related issue with the dehnitions of J{x) and E[x): The fact 
that the Xj are sections of a line bundle means that the matrices will generically have 
non-trivial transformations between patches on E. That is, suppose that between two 
patches one has xj —> gxj for some transition function, g. Then one has W{x) 
g^W{x) and 

J{gx) = g^G^{g)J{x)G 2 {g)-\ E{gx) = g^-'^ G^ig) E{x) G^{g)-\ (2.1) 


where /c G Z is arbitrary and Gi and G 2 are, in fact, matrices that describe the action 
of the /^-symmetry. We will discuss /^-symmetry in more detail in Section 5, but here 
we note that if the matrix elements of J and E each have a well-dehned (but possibly 
different) degree, then Gi and G 2 will be diagonal with integer powers of g. 
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2.1. The direct approach 


We start by taking the most naive approach to the problem and seeing how far we 
can get. Indeed, the most elementary way to exhibit the holomorphic vector bnndles 
associated with a matrix factorization is to look at the kernels of the matrix factors. 


Given an n x n-matrix factorization of the form ( |1.4|) , it follow that 


det(J) = W’' 


det(E) = 


( 2 . 2 ) 


for some r G Z_|_. On the snrface, E, dehned by W = 0 in a complex projective space, 
the kernel of E is thns a rank-r vector bnndle, Sj, on E and it is spanned by the 
colnmns of J. Conversely, the columns of E span the rank-(n — r) vector bundle, £e, 
that is the kernel of J. In terms of the objects, P, in ( |1.6|) , the idea is that we are 
extracting the data about the condensation that leads to P by passing to the kernels 
of the maps. The two bundles extracted in this way correspond to the “constituent” 
T>-brane and its anti-T>-brane, Pq and Pi in (|1.6|) . In more physical terms, the same. 


naive argument that leads from the bulk Landau-Ginzburg model to the surface 
W = 0 in projective space, when extended to the boundary suggests that one should 
look at zeroes of J and P, for branes and anti-branes respectively, on the boundary. 
A proper justihcation of this argument may, however, require the boundary linear 
sigma-mo del 0. 

There is a technical problem with the naive construction above: The matrices may 
have non-trivial transition properties (|2.1|) and so taking the linear span of columns 
may not be well-dehned upon E. The simplest remedy is to consider the kernels of: 


J{x) = Gi{x J{x)G 2 {x 


-ii-i 


E{x) = G 2 {x ^)E{x)Gi{x 


-ii-i 


(2.3) 


for some p = 1, 2, 3 and where Gi and G 2 are dehned in (|2.1|). This is similar to the 


gauge transformation in the sense of (|1.5|) but it is not invertible in the polynomial 
ring. I does, however, make the entries of J and E into rational functions of the Xj. 
However, J and E have well-dehned kernels and images on E (because Gi = G 2 = 1) 
and thus £j and £p. are well dehned in E. This is what we really mean by “multiplying 
and dividing by powers of Xj” and this is the reason for the ambiguity, £{r,d + 3jr) 
for j G Z, in the bundle data. We will proceed with the mild abuse in terminology 
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by thinking of Sj and Se sls vector bnndles, with the nnderstanding that they can be 
tnrned into vector bnndles nsing the foregoing constrnction. 

Since the matrices are polynomials in the Xj, the spanning sets (the matrix 
columns) of these vector bundles are holomorphic. These vector bundles will clearly 
have transition functions induced from those of the Xj and it is tempting to assume 
that these will be sufficient to dehne the vector bundles Sj and Se- However, it is not 
that simple: The columns of J (or E) are not linearly independent and therefore do 
not constitute a basis. The obvious remedy is to choose a linearly independent subset 
of columns and use this as a basis, but the problem is that such a choice of basis cannot 
be done globally on E: One needs to introduce further patches on E and use different 
sets of columns in each of these new patches. There will also be non-trivial transition 
functions between such patches. Mathematically, this amounts to constructing an 
explicit local trivialization of the vector bundle. These transition functions can be 
written as rational functions of the matrix elements and the patches can be arranged 
so that these transition functions are holomorphic on the intersections. Thus one can 
easily see that Sj and Se are holomorphic vector bundles, and one can, in principle, 
compute their properties in this ma nn er. 

For example, consider the 3x3 factorization given by (|1.1CI| ). Every matrix 
element of J has degree one and every matrix element of E has degree two and so 
Gi = G 2 = 1. Since det( J) = VF, Se has rank 1, and so the columns of E must all be 
multiples of one another, which can easily be verihed (mod VF = 0). Thus Se must 
be a line bundle on E, and the matrices Gi and G 2 are trivial. Now observe that the 
column of E vanishes identically if Xj — cti, Xjj^i — as and Xj ^2 — C( 2 ^ where the 
subscripts are taken mod 3. One therefore needs to use at least two of the columns 
in two different patches, Ui and U 2 , if one is to dehne the line bundle globally. The 
transition functions between these two patches will be a ratio of quadratic functions 
in the Xj, and thus meromorphic on E. Indeed, the patches can be chosen so that the 
transition function on Ui ft U 2 is biholomorphic. 

From this simple example, we see that to characterize the line bundle we not only 
need Gi , G 2 and the properties of the Xj , but also the non-trivial transition functions 
between patches in which different sets of columns are linearly independent. Thus the 
naive construction of the holomorphic vector bundles Sj and Se works nicely, but it 
may not result in the simplest, canonical description of the bundle. 

To simplify and generalize this discussion, we start with a brief review of holo¬ 
morphic vector bundles on a torus. 
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2.2. Holomorphic vector bundles on an elliptic curve 


To define the elliptic curve, Eg, corresponding to the surface E with complex 
structure modulus, q, it is most convenient to think of it as an annulus in the complex 
plane with the interior and exterior edges identihed. That is, one considers C* = C\{0} 
with the identihcation z ^ qz and where g G C* is a parameter. It is also useful to 
use the “additive parametrization” where q = ^ and + + 

There is a natural projection map, tt : (D* —> Eg, and given a holomorphic vector 
bundle on Eg, one can pull it back to C*. One can then show (see, for example, 
) that the pull-back must be a trivial bundle on C*, and so the bundle on Eg is 
determined entirely by the “gluing matrix” under z ^ qz. The trivial, rank-r bundle 
on C* is simply C* x (D’^, and to obtain a rank r bundle on Eg one must specify an 
invertible r x r matrix, A{z), of holomorphic functions on (D* and then one has: 



Vr(A) = {(z, n) G C* X : {z,v) ~ {qz,A{z)v)}. (2.4) 


Conversely, the set of non-trivial bundles is determined by the choices of A(z) up to 
gauge equivalence: A{z) B{qz)A{z)B~^{z) for some invertible r x r holomorphic 
matrix, B{z). Thus we have a complete characterization of the vector bundles on Eg. 


There is also a well-known result of Atiyah [|^ that states that every indecom¬ 
posable holomorphic vector bundle on Eg is characterized by three parameters: (i) 
the rank, r, (ii) the hrst Chern number, ci, and (hi) a point, y on Eg. Indeed, one 
can always write Vr(A) as C ® Vr(e'^) where C is an appropriately chosen line bundle 
and is a constant, indecomposable, nilpotent r x r matrix [jT^ . We will discuss and 
illustrate this result extensively in subsequent sections, but here we will merely note 
that the classical theta function: 


0{z,y) = (2.5) 

nez 

is a global holomorphic section of the line bundle z~"^) on Eg, where Ay[z) = 

y~^z~^. Note that this transition function involves a factor of z~^, which has winding 
number —1, and thus Ci = 1. Also observe that the transition matrix for 9{z,qy) 
becomes Aqy{z) = q~^Ay{z), which is gauge equivalent to Ay{z) with B{z) — z~^. 
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Hence both 6[z, y) and 6{z, qy) are global sections of the same line bnndle Vi{y ^z 
and therefore the parameter y may be thonght of as living in Eg. 

Returning to the line bundle spanned by the columns of the 3x3 matrix, E, of 
( p..lO| ), an elementary theta-function identity reveals that the matrix elements of E 
may be rewritten in terms of theta functions: 

£ = + ( 2 . 6 ) 

q;iq;2Q;3 

where xi = ctt = h^(C) ^md ? 7 (r) is the Dedekind ry-function. Thus the columns 

of E are all holomorphic multiples of the single (nowhere-vanishing) basis vector: 

m ^ h2(e-C) • (2.7) 

VsiC-Oj 

The phase pre-factor has been included so as to render vi periodic under ^ ^+1- 

Under ^ ^+t one has vi —>■ —y^z~^vi^ where ^ and y = and therefore 

the holomorphic transition f un ction A{z) reads 

A{z) = -y^z-^ . (2.8) 

Thus the kernel of J leads to the line bundle, Vi{y~^z~^) — (Vi(y“^x“^))^, or T(l, 3), 
with Cl = 3 and a parameter, y. This bundle is, modulo the ambiguity outlined at the 
beginning of the section, equivalent to T(l, 3/c), /c G Z and both T(l, 0) and T(l, —3) 
are the “anti-bundles” of two of the bundles whose charges were listed in (|1.14|) . We 
will discuss the relation with all the charges listed in (p..l4|) in more detail after we 
have identihed all the matrix bundles Sj, Se, associated with the 2x2 and 3x3 
factorizations. 

2.3. MCM modules 

We started this section by specializing to the surface, W = 0, and then identifying 
the holomorphic vector bundles associated with the matrix factorization. There is 
another, somewhat more abstract, approach that realizes these vector bundles in terms 
of Maximal Cohen-Macaulay (MCM) modules. Since this description is the standard 
approach to matrix factorizations in the mathematics literature, it is useful to relate 
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it to our discussion here. Moreover, the formulation in terms of MCM modules can be 
used to show that holomorphic vector bundles are sufficient to reconstruct the matrix 
factorization (see, for example, ref. El)- 

The hrst step is to introduce a local ring, TZ, dehned by the superpotential, W. 
That is, let V = C[xi,..., Xm] be the ring of complex polynomials in the Xj, and let 
[IT] be the ideal of V generated by the superpotential, W. One then dehnes a new 
ring, 7^, by: 

= C[xi,...,a:^]/[fT], (2.9) 

which is simply the ring of polynomials taken modulo W. Once again one considers 
the kernels and images of the matrices E and J, but this time one thinks of these 
kernels and images as modules over the ring TZ. Specihcally, J and E are now thought 
of as maps from to and the columns of the matrices, of course, generate 
the images of these maps. For instance, the columns of J generate a module, 
however, this module is not necessarily freely generated. That is, elements of M. can 
generically be written only as a non-trivial linear combination (over the ring TZ) of 
all the columns, and yet the columns are not linearly independent. There are thus 
relations between the columns of J, and the set of such relations are called the hrst 
syzygy, Oi(Tl), of Ai, which is also an 7?.-module. Indeed, the columns of the matrix 
E exactly generates this set of relations. Again, the module, Oi(A7), is generically 
not freely generated and so there are relations between the relations and this dehnes 
the second syzygy, 02(AI), oi M.. In a matrix factorization the set of such relations 
between the columns of E is of course generated by the columns of J again. In other 
words, we have 02(A7) = M.. This identity, in fact, dehnes an MCM module. 

One can summarize the foregoing by stating that the following is an exact se¬ 
quence: 


E 


K' 




E 


w 




E 


TZ^ 


M 


0 , ( 2 . 10 ) 


with a similar sequence with E and J interchanged. 

The ideas and techniques of MCM modules are very useful if one is going to 
generate matrix factorizations from bundle data 0, but since this is not our focus 
here, we will not need to discuss these ideas any further. 
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3. Some examples of matrix factorizations and their vector bnndles 

Here we will describe, in detail, the vector bundles associated with the 2x2 
and 3x3 factorizations. Before we proceed to the examples, we need to summarize 
some of the properties of the classical theta and Appell functions that arise in the 
description of holomorphic vector bundles on a torus. More details may be found in 
Appendix A. 


3.1. Classical elliptic functions 


In the present paper we mainly deal with line bundles and rank two vector bun¬ 
dles. We therefore briefly discuss their canonical sections, which are given by Riemann 
theta functions and Appell functions, respectively. The standard definitions are: 


m = il«|T) s z". 


nez 




n6Z 


Q2 ^ 2P 

-y 


where y 7 ^ , m G Z and 


q = z = y = 


(3.1) 


(3.2) 


(3.3) 


These functions satisfy the following periodicity relations: 

^?(e + l) = m: ^i^ + r) = q--^z-^m. (3.4) 

k{p,^ + 1) =k{p + 1,^) = k{p,^), K{p,^ + r) = yn{p,i) + 'd(^), 

+ = q~^ z{yK{p,i) + 'd(O). 

Consider these functions on the torus whose fundamental cell in C is defined by 
It is a fairly familiar fact that the theta functions provide global 
holomorphic sections of line bundles on this torus: They are periodic under ^-*.^-1-1 
and have a transition function of q~he~‘^'^'^^ under ^ ^ + r. The fact that this 

function has winding number —1 on the circle defined by ^ G [ 0 , 1 ] means ^?(^) is a 
holomorphic section of the line bundle, Vi{q~^z~^), with ci = -|-1 on the torus. 
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The Appell function provides a global holomorphic section of a non-trivial rank 
two vector bundle, T. In particular, the vector: 


V m)) 


(3.6) 


is globally holomorphic, is periodic under ^ ^ +1, but has the non-trivial transition 

matrix under ^ ^ + t: 

= (o 

This vector bundle, JF, is a non-trivial extension of z~^) by Vi{y) : 


0- ^Viiy) -- ^Vi{q-h-^) -^0. (3.8) 


On the cubic curve, E, we need the theta functions appearing in ( p..3| ) (see Ap¬ 
pendix A for more details). The functions, m, have the following periodicity proper¬ 
ties: 


F^(^ + 1) = -PeiO : 

but it is also useful to note that: 

+ = 

-q 2 ^ ^ PeiO , 

(3.9) 



= -q~^ z , 

(3.10) 


where the subscript on m+i is taken mod 3. Holomorphy and the periodicity prop¬ 
erties on the torus dehned by^~^-l-i~^-|-r uniquely dehne the functions mi^)- 
Note that ( |3.9|) implies that /U^(^) is not a function on E, but is a section of the line 
bundle, To be more precise, is periodic under ^ —*> ^ -|- 1, and is a 

section of = Vi(z“^), where C = Vi{z~^). 

Since the functions are global holomorphic sections of each of the /U^(^) 
has three zeroes. In particular, one has: 

Fi(0) = Fi(^) = hi(i) = 0, ^ 2 ( 0 ) = -F3(0) = ir]{,T). (3.11) 

The values of the m at other third-periods can then be deduced from this using ( P.10|) . 

One can dehne Appell functions, A^, associated with the iii (see Appendix A for 
details). These Appell functions are dehned by their periods: 

A^(p,0, A^(p,^ + r) = y^Aiip,^) + ptiO ■ (3.12) 
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3.2. The 3x3 factorization revisited 


Consider, once again, the matrix factorization defined by ( |1.10|) . We have seen 


that is a line bnndle and that a global, non-vanishing holomorphic section can be 
taken to hM: 


VI = ■ (3.13) 

\hs{C-Oj 


The bnndle Sj has rank two, and may be dehned, via the kernel of E, as the set 
of vectors orthogonal to: 


(hi(e + 0 , h2(e + 0 , h3(e + 0) ■ (3.14) 

Given that the colnmns of J are expressed as sections of a line bnndle, one might, at 
hrst, expect that the rank two, holomorphic vector bnndle, Sj, is itself a trivial snm 
of line bundles. For example, one might try taking the last two columns of J as a 
basis. However, for ^ = C ^ one has: 

Xi — (3.15) 


and thus the last two columns of J are multiples of one another, and so they do not 
represent a good global basis for the vector bundle. In the neighborhood of such 
points one must use a different pair of columns as a basis, and the transition function 


0 : 3 X 2 \ 
02 X 1 

Oil X 3 J 


hijC + C) 


/ Oi Xi \ 

03 X 3 

\a2x2) 


h 2 (e + C) 


/ 0 : 23:3 \ 

j O 1 X 2 . 

\O3X1 / 


(3.16) 


This change of basis is singular at the three zeroes of fis{^ + 0 (*.c. ^'1 ^ ~ C+^ + f). 
One therefore has to break the torus into patches if one is to use the columns of J as 
a basis. 


On the other hand, one can use Appell functions to obtain a basis of holomorphic 
sections for the two-dimensional vector bundle, Sj. Consider the vectors: 


/ aixi\ / aiAi{p,^)\ 

m = 0:3X3 , ^2 = O 3 A 3 (p ,0 

\ 0 i 2 X 2 j \O2A2(p,0/ 


14 


For simplicity, we have dropped the pre-factor in (|2.7D . 


(3.17) 
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One can show that 


aihi(^+ C) Ai(p,0 + a3^2(^ + C) A3(p,^) + a2 + 0 M{p, 0 = 0, (3-18) 


provided that: 


p = oT 


C- 


(3.19) 


This means that V 2 is in the kernel of E. One can prove this identity by considering 
the periodicity properties of the fnnction, F(^, C), dehned to be the left-hand side 
of (13.181) . One hrst notes that the “anomalous” shift term in the Appell functions 
amounts to shifting V 2 by vi and since vi is in the kernel of E, the shift term does 
not contribute to F(^, C) under ^ ^ r. This means that, considered either as 

a function of ^ or as a function of C, E[^X) represents a global section of a line 
bundle. One then uses holomorphy and standard theta-function methods to write it 
in terms of theta functions or, in this instance, conclude that it is zero provided that 
one chooses the Appell function parameter according to (|3.19|) . 

Using the same kind of argument one can establish the following identities: 


P2{^-0vi - e6-*^A2(i,e-C)^2 = -ig-f 


?7(r) 



(3.20) 


Mi-Qn - = i<,-8 

?7(r) 


CX 2 X 3 
CXi X 2 
as xi 


(3.21) 


In other words, the set of columns of J are given by holomorphic linear combinations 
of the holomorphic vectors, vi and V 2 - 

Finally, observe that the vectors Uj = are periodic under ^ ^ + 1 and 

under ^ ^ ^ + t they have the transition matrix: 


A(^) = 


g3 g-67riC I 
Z 


0 --3 


(3.22) 


Summarizing, the bundle, Tj, is the non-trivial, non-split bundle with (r(Tj), ci(Tj)) = 
(2, 3). Up to the ambiguity of tensoring with this is equivalent to T(2, —3), which 
indeed belongs to the charges listed in ( |1.14| ). 


27 












3.3. Vector bundles of the 2x2 factorization 

Consider the 2x2 factorization given by (|1.7|) . The determinants of E and J 
are both W and so the kernels of both are one-dimensional. Becanse the matrix 
elements have different degrees, the matrices in (p.l|) are now non-trivial, that is, 
taking g = one has: 

J(xK + t)) = s'- Gi (9) J(xK)) G 2 (g)-‘, 

+ t)) = g®-‘ G 2 (g) £(x(0) Gi(g)-‘, 

where 

G, = (»;«), G2 = I2X2. 

Since G 2 = 1 there are no technical issues in dehning Se- The columns of E must be 
proportional to each other, and by looking at the common zeroes of the Lj and Qj 
one can argue that the kernel should be spanned by theta functions of characteristic 
2. However there is a simpler way to obtain the kernels of the matrices using the 
functions m. 

By taking constant {i.e. independent of linear combinations of the rows of J 
in ( p..lO|) , one can show that 

— 0 + -^2 (^2(^ — C) + — 0) = Oj (3.25) 

where 

Li = {a\xi-\-a\x2-\-cx\x^), L 2 = ( 0:2 0:3 -|-ai 0:3 0:2 + ai 0:2 ■ (3.26) 

One can similarly derive relations between gi and 112 + Taking the latter 

relationships for /c = 1, 2 one can multiply by each by factors that are linear in the Xj 
so as to obtain a relationship of the form: 

QiiM^-O+hsi^-O) - Q2^i(e-0 = 0 , (3.27) 

where the Qj are quadratic in the X£. Thus we get a 2 x 2 matrix with a null vector 
of the form: 


52(6 


- 0 + - 0 


(3.28) 


(3.23) 

(3.24) 


28 




This matrix is gauge equivalent to J 2 X 2 in ( P--7|) , except one must replace aj in (|1.7|) 
according to: 


ai —> a 2 ( 0:3 — ctf), a 2 ^ Oil ~ *^ 3 ) 5 cts —^ cts (ct? — cti) ■ 


(3.29) 


Using ( ^T[) at ^ along with ( p.ll|) and (|3.1CI|) , one can see that the replacement 
( [j.29|) is equivalent to 

C^2C+ir. (3.30) 


To understand the underlying vector bundle, one should note that this derivation 
of the matrix factorization implicitly relies on the fact that si(^) and § 2(0 have a 
common zero at ^ ^ and so (|3.28|) vanishes identically at one point. To cover this 

vanishing point we could hnd another section and the transition function, but it is 
simpler to note that there is a global, nowhere-vanishing section of this bundle given 
by: 

fM 2 K-C) + M 3 K 

tf(K-C)-^(i + T))) V 

The Sj are thus theta functions of characteristic 2 and satisfy: 

Si(^ + 1) = + (3-32) 

and so the bundle is simply T(l, 2). 

Conversely, given the Sj, the ratio S 2 /si is an elliptic function with two poles and 
two zeroes on the torus, and so there is a unique way to write it in the form: 

S2 _ aiXi + 02 X 2 + 0:33^3 ^2 22 ^ 

Si hixi + b 2 X 2 + 633^3 

and this dehnes Li and L 2 . Similarly, one can write S 2 /S 1 as a ratio of quadratics 
in the Xj. Each quadratic, Qj, has six parameters, one of which is a scale and the 
other hve can be used to adjust the locations of the six zeroes on the torus. Ill The 
locations of two zeroes in each Qj are hxed by the Sj, while the other zeroes of 

The sum of the zeroes of Qj must be zero modulo the lattice + + 
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Qi must coincide with those of Q 2 , but are otherwise free. Thus there is a three- 
parameter family of ways of writing S 2 /S 1 as ratio of quadratics. On the other hand, 
one can trivially generate such a quadratic ratio by multiplying the numerator and 
denominator of (|3.33|) by the same arbitrary linear function of the Xj. This choice of 
linear function has three parameters, and so the quadratic ratio is unique up to gauge 
transformations. Thus one can reconstruct the 2 x 2-matrix factorization uniquely 
from (|3.31|) . 

By keeping track of the locations of the zeroes in the foregoing argument, it is 
easy to check that one can write the columns of E as: 


—L2 





(3.34) 


for some global holomorphic sections, Xi(^) ^md X2(0: of ^(1; 1) T(l,4) respec¬ 

tively. From this one can write the columns of J as: 


Qi 

L2 


S2(0 


( X2{0 

V-xi(0 





and hence the columns of £j correspond to the bundle T(l, 1) (or T(l,4)). 


3.4- Summary 


In this section, we considered both the 2x2 and 3x3 factorizations and deter¬ 
mined the data of the bundles 8j and Se, associated with the matrix factors, J and 
E. We now like to match these data to the RR charges of the S-branes. Specihcally, 
as mentioned before, the charges of the branes will be associated with Sj, while the 
anti-branes will be associated with Se- 


To proceed, recall that for extracting the bundle data from the matrix factoriza¬ 
tion, we had to impose kF = 0, and therefore we implicitly characterized the branes in 
the large radius limit. Thus we should refer to the RR charges listed in ( p..l4| ), which 
apply to the large radius limit. Indeed we hnd a perfect match between the data of £j, 
and the charges of one of the members of {5'^} or {La}, respectively, provided we ten¬ 
sor uniformly with the line bundle C~^ (recall that brane charges are dehned only up 
to such shifts, reflecting the monodromy around the large radius limit). There is also 
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an analogous match between the data of Se^ and the charge of one of the anti-branes 
in {(Sa} or {La}-, respectively. We have summarized these hndings in P?able 1 . 



2 x 2 factorization 

3x3 factorization 

Bundle 

£j 

£e 

£j 

£e 

Matrix bundle £ 


£( 1 , 2 ) 

T(2,3) 

T(l,3) 

£ 0 ~ (r, ci)^'^ 

cT 

1 

^ — 1 

(1,-1)^« 

1 

CO 

(33 

(1,0)^^ 

Brane & anti-brane in the 

positive cone 


^^3 

Li 

L 3 


Table 1. Here we summarize some properties of the short- and long- 
diagonal hranes, associated to the 2x2 and the 3 x 3-matrix fac¬ 
torizations. In particular the relationship between the bundle data 
of the matrix factors £j and £e, and the large radius RR charges is 
shown. 


Note that if we view the charge lattice in |fdg. 1 | as the SU(3) root lattice, the 
specihc charges of the vector bundles at large radius he within what one may call the 
positive cone, or fundamental region, spanned by the “simple roots” Si and S 2 ; this 
is indeed natural from the point of view of quiver representations (see the appendix 
of ref. 


What then about the other charges in the lists (|1.14| ), some of which are related 
to more general objects than vector bundles (like L^O-branes described by point-like 
sheaves)? The point is, of course, that in order to obtain the TFT on the elliptic curve 
from the Landau-Ginzburg model, one must implement a ^3 orbifold projection, and 
it is only then that the full (quantum) Z 3 orbits of the branes will emerge. This is 
what we will discuss in Section 5, however before doing so, we will hrst complete the 
discussion of Psxs by analyzing its open-string moduli space. 
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4. Compactifying the moduli space of the 3x3 factorization. 


We now return to the 3 x 3-matrix factorization, Psxs, in order to examine 
in greater detail its open-string moduli space. This will eventually lead us to an 
exceptional 4x4 matrix factorization, which appears only at a certain point in that 
moduli space, and which compactifies the moduli space of the 3x3 factorization 
-Psxs- It is this 4x4 matrix factorization which naturally appears in the boundary 
fermion construction. 


First of all one observes that the 3x3 matrices, J = Jsxs and E ~ E^xs, 
given in (|1.1C1| ) are quasi-(double-)periodic for ^ 1 and C C + '^ due to the 

quasi-periodicity ( p.9|) of the parameters ai in terms of the uniformizing open-string 
modulus C of eq. (|1.12|) . In other words, such a shift in ( results in a multiplication 
of both J and E by an overall factor. However, the factors of J and E are inverse to 


each other, and hence they are easily compensated by a gauge transformation ( p..5|) . 
Therefore, modulo gauge transformations the 3 x 3-matrix factorization is indeed 
periodic for ^ C -|- 1 and C ^ C + 


However, it is conceivable that there are further identifications in the open-string 
moduli space of C, due to additional gauge equivalences: According to eq. (|3.1C1|) the 
uniformizing functions of have also nice periodicity properties for one-third 

of a period. In particular, for the 3x3 matrices J and E, we readily find: 


and 


JiC + ^) 


( uj'^aixi LO a2X3 
0:3X3 W^OiX2 
U) O2 X2 03 Xi 


03 X2 
LO O 2 Xi 
Oi X3 


^(C + i) 


( 03X1 01X3 

02X3 03X2 

01X2 02X1 


02 X2 \ 

OiXi , 
O3 X3 / 


(4.1) 


(4.2) 


with overall factors Ci and C 2 - Hence, apart from these factors, for ^ ^ ^ the 

entries of J are multiplied by cube roots of unity, whereas for ( —>■ the coefficients 
of X£ in J are permuted. However, both transformations can be compensated by 
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suitable gauge transformations, i.e. J{C) = Ul,i JiC + |) Ur^i and J{() = Ul ,2 JiC + 
f) Ufi ^2 withlil 


Ul,i = Diag(l, u) , Ur^i = ^ Diag (w, l) , 


(4.3) 


and 


Ur2 = 



Ur,2 = ^ 



(4.4) 


We conclude that, modulo gauge transformations, the 3x3 matrix factorization is 
double-periodic in the open-string modulus C with C ~ C -|- | and C ~ C + f ? ^md thus 
obtain for the 3 x 3-matrix factorization the following toroidal open-string moduli 
space: 

971^3^ {CeC|C~C + 5 ^C-C+i}- (4.5) 


One might suspect that there are other identihcations in the open-string moduli 
space (|4.5| ) of the 3 x 3-matrix factorization and that the space 971^^^ is yet again just 
the covering space of the true moduli space. However, the construction of the vector 
bundles encoded in the columns of the matrix E and in the columns of the matrix 
J shows that the corresponding vector bundle transition matrices ( p. 8 |) and (|3.22|) 
contain both the factor which independently conhrms the stated periodicity 

of J and E. Thus 971^^^ is indeed the open-string moduli space for the 3 x 3-matrix 
factorization. 


The reduction of the periodicity by one third will be an important ingredient in 
the construction of the 3 x 3-matrix factorization via tachyon condensation from 2x2 
matrix building blocks as discussed in Section 5. 

Our next task is to examine the moduli-space (^4.5|) of the factorization Pax 3 
in greater detail. For C —> 0 the uniformizing function, cti, approaches zero, c.f. 
eq. ( p.ll|) , for which the 3x3 matrix factorization becomes singular .0 Note that, in 
contrast to the singularity in the matrix factorization P 2 X 2 , this singularity is not a 


16 

17 


One also has P(C) = P(C + |) Pn,i and P(C) = ^(C + §) Pn, 2 - 

At first sight there seem to be nine singnlarities, namely ai = 0 for the three choices 
of £, which, according to ( 3.10 ) and ( 3.111) , have each three zeroes. However, eqs. o and 
(4.2) show that all nine choices are gauge-eqnivalent. 
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mere gauge artifact, because it cannot be removed by a gauge transformation ( |1.5|) . 
This observation, however, is at hrst puzzling since there is no obvious physical reason 
for a singularity in the toroidal open-string moduli space. 


However, we should keep in mind that the topological 5-type 5-branes really 
are objects in a category with certain equivalence relations, and a given matrix- 
factorization is just a particular realization of a topological 5-type 5-brane. In other 
words, singularities of matrix factorizations can also be an artifact of using the wrong 
representative for a 5-brane in a given patch in the open-string moduli space. As has 


been discussed in ref. I^fj, the apparent singularity encountered in the 3 x 3-matrix 
factorization is indeed of this type, and this is what we want to make manifest in the 
following. 


Following ref. |^, we replace as a hrst step the 3x3 matrix factorization by a 
4 X 4-matrix factorization that is obtained by adding a trivial brane-anti-brane pair 


to (| 1 . 10 |) , i.e.: 


>^4x4 — 


W_ 

Ql 


J{a) 


54x4 — 


(Xi 


E{a) 


(4.6) 


The next task is to perform an appropriate gauge transformation, o, so that the 
singularity disappears for C —0. This is achieved by hrst rewriting the open-string 
modulus, C, by C = ~ Using eq. ( ^. 6 |) with an replaced by Pn and 7 ^ 

respectively, we may re-express an by@ 


ai 

a2 

as 


Pliiiz - PiPsii 
- P2Ps'll 


(4.7) 




/3i/327:^ 


1 ; 


This step is a little ad hoc but it is motivated by viewing the brane L{Q) as a composite 
of the two branes L{X) and L{—p). 

Strictly speaking the parameters, an, must be rescaled by a homogeneous factor, i.e. 
an rp{T)pLs{\ -t p) an. 
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where ai and /Si are uniformized by (3i — Hi{X) and 7 ^ = /U^(p). Now the limit 
cti —0 becomes 7 ^ —> (3£, which in terms of the nniformizing parameters translates 
into p —A. In terms of these anxiliary variables we perform the gange transformation 


Ul = 


Ur = 


1 0 0 0 
1 0 0 
0 1 0 
0 0 1 


which generates the following 4 x 4-matrix factorization: 


JaxA — 


Ea^a — 


0 


^Xi — ^2 JXx2X3 
71 ^ 7273 ^ 

d2 ™2 

-vLo 

72 ^ 

d2 72 
7173 

X2X3 - 

71 ^2 
di 1 

CKl 2:1 


OL2 X3 

XIX3 — 

72 ™2 
d2'^2 

OI3 X3 


Ctl X2 

XIX2 — 

73 ™2 
d3^3 

OL2 X2 


0(3 2:4 


X 1 X 3 


— —Xi 
7i 

- 

0 : 20:3 ^ 

J_™2 da73 ^ 

02 "^3 ' 03^271 


— —X2 
72 ^ 

1 - X 

02P172 

-^^ 2 : 12:3 

O2O3 ^ 

dl7l ^ 


7172 

0:3 X 2 
C(2 X\ 

Cti X 3 


1 ™2 I d373 ^ ^ 


— —X3 
73 ^ 


— Xn -I- 2:12:3 

02 ^ O 3 P 173 1 

—X? -I— X 2 X 3 
03 1 02P273 




02^273 

-^^ 2 : 12 : 

O2O3 


^^ 2 X 3 

X 1 X 2 


which we will denote by ^ 4 x 4 - We want to emphasize again that ^ 4 x 4 describes the 
same physical iA-brane as the original factorization P 3 x 3 - As we will see in a moment, 
this factorization is indeed most canonical from the Landan-Ginzbnrg point of view: 
while ^ 3 x 3 is odd-dimensional so that it cannot be given a standard representation in 
terms of bonndary fermions, it is the eqnivalent factorization P 4 X 4 that can be given 
a concise expression in terms of Landan-Ginzbnrg helds. 

In addition, P 4 X 4 has, by constrnction, the virtne that it is also well-dehned for 
C = 0, and thns we may proceed and take the limit cti — 0 , 7 ^ —Upon doing so, 
we prefer to perform yet another gange transformation: 


(P2(pf-Pi) - 
0 
0 

V 0 

^ JjT 


-|- a 2:1 


-2a 2:2 
0 
1 
0 


& - 3“) *3 


(4.10) 
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in order to obtain the following form of ^ 4 x 4 at ^ = 0: 


x 


4x4 


TT'O 

-^4x4 


/ 0 xf 

— 0X2X3 X2 — 

0X1X3 x| 

— 0X1X2 

\ 

—x\ + ax2Xs 

0 

X3 

-X2 


—x| -b axixs 

-X3 

0 

Xi 


\ —X3 + axiX 2 

X2 

-Xi 

0 


/ 

/ 0 -xi 

-X 2 

-X3 




® 

—x| + axiX 2 

X2 — 0X1X3 



\ X 2 — aXiX 2 

0 

-X? -b 0X2X3 



\X3 —x|-t-aXiX3 

xf — 0X2X3 

0 

/ 




(4.11) 


We will denote this limit by ^ 4 x 4 - In terms of the bonndary BRST operator, Q, we 
can rewrite this factorization in a very simple form 


pO 

-'^4x4 ■ 


Q = '^ix£'n:i + , 


(4.12) 


e=i 


where W{x,a) is the Landan-Ginzbnrg potential in ( |1.1|) and 7r^,7f^, £ = 1,2,3, are 
bonndary fermions obeying { 74 ^, 74 ^} = {Wi,7fj} = 0, { 77 ^, 77 ^} = 5ij^ Indeed, for 
an appropriately chosen basis of the Clifford algebra, for which the chirality gamma 
matrix, 75 , takes the form 75 = Diag (1,..., 1, —1,..., —1), the bonndary BRST 
operator (|1.12|) is precisely given by the matrix factorization (|4.11|) , be.. 


Q = 


fT'O 

-^4x4 


7 O 

>^4x4 

0 


(4.13) 


For non-vanishing open-string modnlns, C, (|4.12|) gets deformed in leading order to 
Q-^ Q + C^Q, where 


(5Q 7,17,27,3 + ((a® - l)xiX2a,3) 7,17,27,3 + . . . 


(4.14) 


The ellipsis indicates terms that are linear and qnadratic in x and are mnltiplied by 
prodncts of bonndary fermions of the type WiTTjTTk and TTiWjWk- Note that the defor¬ 
mation, dQ, contains a constant, x-independent term, which generates the constant 
entry, cti, of the matrix in eq. (H). 

That this represents a valid boundary BRST operator that obeys = W(x, a)l, follows 
from the fact that, due to homogeneity of the Landan-Ginzbnrg potential, W{x,a), we can 
write lT(a:,a)l = | VF(x, a)l = | ^ XiTr^ djTF(x, a)¥j. 
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Let us summarize and analyze the foregoing results. Starting from the matrix 
factorization, Psxs, we encountered a singularity. This singularity was removed by 
taking an equivalent description in terms of the 4 x 4-matrix factorization P4x4 in ( [4.9|) , 
which, however, is reducible due to an extra constant entry in the matrix, E. This 
constant entry disappears as 0, which implies that the corresponding factorization 
-^4x4 becomes irreducible. This irreducible factorization is rigid in the sense that it 
exists only at one point in the open-string moduli space, and specihcally is not part 
of a parametric family of irreducible matrix factorizations.0 For a simple depiction 
of the situation, see [Fig. 5 . 



Fig. 5 : This shows the open-string moduli space of the factorization 
P4x4- It is compactihed at ( = 0 by an exceptional indecomposable 
object, which is rigid in the sense that any deformation of it pro¬ 
duces a decomposable object. It is associated with the most canoni¬ 
cal factorization, ( [4. of the Landau-Ginzburg superpotential. In 
physical terms, it can be interpreted as a single rigid anti-D2 brane, 
and the deformation away from it corresponds to adding and pulling 
apart an extra DO-DO-brane pair. 


In order to give this mathematical description a physical interpretation, we ob¬ 
serve that the long-diagonal brane, L3, is associated to the line bundle, T(1,0), and 
located in the positive cone of the charge lattice in |Fig. 1| . Furthermore, according to 


There does, however, exist another family of irreducible 4 x 4-matrix factorizations (de¬ 
noted by P 4 x 4 , withont the tilde) which describes Z?-branes with different charges (c./. Sec¬ 
tion 7). 
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( |1.14|) , the brane L 3 has the (large radius) RR charges of a pure L>2-brane. This, how¬ 
ever, does not necessarily imply that the brane L 3 corresponds to a pure T> 2 -brane, 
rather more generally it describes a T> 2 -brane with a T> 0 -T> 0 -brane pair resolved on 

its world-volume. We will now argue that the rigid exceptional matrix factorization, 
—0 


^ 4 x 4 , describes a pure T> 2 -brane, which also on physical grounds does not depend on 
an open-string modulus, whereas the matrix factorization, Psxs, captures the situ¬ 
ation of a T>2-brane with an additional resolved T>0-T>0-brane pair.il This T>-brane 
conhguration is indeed expected to depend on a (relative) open-string modulus. 


This line of arguments can be substantiated by using the relationship between 
line bundles and divisors. Each line bundle in the class, T(l, 0), can be specihed by a 
divisor C>((Ci—C 2 ), where Ci and (2 denote points on the torus, E. The distance between 
them corresponds to the open-string modulus ( that appears in the transition function, 
A{z), of the line bundle T(1,0). Physically, the point describes the position of a 
T>0-brane, whereas the point (2 refers to the position of a T>0-brane. If, on the other 
hand, Ci and (2 coincide, or in other words, if the T> 0 -brane is on top of the T> 0 -brane, 
we arrive at the divisor of a trivial line bundle, which precisely corresponds to the 
exceptional 4 x 4-matrix factorization of a pure, rigid T>2-brane. 


The appearance of distinguished matrix factorizations at special points in the 

m 


moduli space has been observed before in ref. 


According to the classihcation 


of holomorphic vector bundles on the torus E [j^ , each vector bundle of rank r and 
degree zero is classihed by a degree zero line bundle on E, namely by the determinant 
line bundle of the vector bundle in question. Moreover, each line bundle of degree zero 


has vanishing hrst Chern class and according to eq. (|2.4|) is given by the transition 
function A(z) = y~^ on C* [^p!8| . Note that for y = 1, or for C = 0? fhe transition 
function becomes the identity and hence the determinant bundle becomes the trivial 
line bundle]^ In ref. |]T^ it is shown that such “exceptional” vector bundles in S (r, 0) 
with trivial determinant bundle, correspond to exceptional MCM modules and 


Note again that such D-brane configurations cannot be distinguished at the level of 
K-theory. 

Those “exceptional” bundles of rank r and degree zero are also distinguished by the 
fact that they have a global non-trivial section. 

The MCM modules Mr are self-dual 7^-modules, i.e. Mr — Hom(Mr,'R) @. 
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furthermore give rise to exceptional matrix-factorizations, which are isolated in the 
sense that there exist no (open string) deformations that would stay within the class 
of irreducible factorizations. 


To conclude this section, we consider how the bundle data encoded in Jsxs and 

-£' 3 x 3 evolves over the moduli space, Consider hrst the anti-D-brane, L, for 

which (up to an unimportant sign) the roles of J 3 X 3 and i? 3 x 3 are exchanged, i.e. the 

vector bundle data is encoded in the matrix i? 3 x 3 given in (|1.10|) . At a generic point 

in the open-string moduli space the vector bundle spanned by the columns of 

i? 3 x 3 is associated to a line bundle in T(1,0) (c./. eq. ( |3.13| )). Therefore one might 

naively expect that the exceptional 4 x 4-matrix factorization at ^ = 0, corresponds 

—0 

to the exceptional rank one MCM module M.i (it is actually the anti-version, 
that we talk about here, as we started out with the anti-brane, L). This, however, is 
not true, because we should keep in mind that this 4x4 matrix factorization has been 
constructed by adding a trivial brane-anti-brane pair. In particular the new column 


of i? 4 x 4 in ([4.6| ) has increased the number of linearly independent colnmns of i? 3 x 3 by 
one, and thus the 4 x 4-matrix factorization is correctly identihed with the rank two 
exceptional module, Al 2 -^ Comparison with ref. [|T^ does indeed conhrm that the 


exceptional 4 x 4-matrix factorization is associated to the exceptional MCM module 
M2. 


On the other hand, if we now consider the the T>-brane, L, the bnndle data are 


encoded in the matrix J of ( 1.10 ). As explained in section 3.2, the T>-brane L gives 
rise to the rank two vector bundle T(2,3). As before, in order to analyze the limit 
C —> 0, we must not neglect the added trivial brane-anti-brane pair. However, the 
matrix J is only enhanced by the block-diagonal entry, W, {c.f. eq. ( b:.6|) ), which does 
not increase the number of linear independent colnmns of J because W = 0 on the 
torus, E. Therefore the exceptional 4 x 4-matrix factorization assigned to the brane, L, 
at C = 0 must still be associated to a vector bundle in T(2, 3). Once again comparing 
with ref. reveals that the 4 x 4-matrix factorization (|4.11|) is really mapped to the 
exceptional 4 x 4-matrix factorization in T(2,3), which, furthermore, is associated to 
the hrst syzygy module, Vti{M 2 )^ of M 2 . Note that this is precisely in accord with 
the physical pictnre becanse passing over to the hrst syzygy modnle, Vti{M 2 )^ of M 2 
corresponds to switching from the anti-T>-brane, L, to the T>-brane, L. 


The self-duality of At2 is reflected in the fact that the matrices J4x4 and A4x4 in ( | 4 . 11 | ) 
are antisymmetric. 
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5. Tachyon condensation 


The aim of this section is to generate new matrix factorizations via tachyon 
condensation. In particular, we will show that any matrix factorization on the elliptic 
curve may, in principle, be obtained by iteratively condensing building blocks of 2 x 2 - 
matrix factorizations. So as to generate new matrices in a controlled fashion, we 
introduce the notion of equivariant matrix factorizations. This enables us to explain 
how different choices of tachyons for a given pair of matrix factorizations will lead 
to different condensates. Conversely, if we seek a certain condensate, equivariance 
provides a very useful set of constraints upon the form of the requisite tachyon. 

In the present and the next two sections we will use these ideas to generate 
explicitly all rank two matrix factorizations. 


5.1. Equivariant matrix factorizations 


In order to systematically generate, via tachyon condensation, a particular matrix 
factorization for a given set of RR charges, it is necessary to have control over the 
RR charges of the constituents of the condensate. For instance, we need to distinguish 
among the three T>-branes comprised in the 2 x 2 -matrix factorization, S, and in the 
3 X 3-matrix factorization, L, in order to realize the different composites illustrated 
in [Fig. 4| . This is achieved by rehning the description of S-type T>-branes in terms of 


equivariant matrix factorizations along the lines of [^] (see also 


Since our analysis takes place at the Gepner point of the Kahler moduli space, the 
appropriate Landau-Ginzburg model is specihed in terms of the superpotential (jl.lj) 
together with the natural Z 3 orbifold action p{k), /c G Z 3 


p : p{k) X£ H-^ Xi with u 


‘I'Ki 

e 3 


(5.1) 


Obviously, this orbifold action must also be taken into account in the characteriza¬ 
tion of S-type T>-branes, for which the equivariant formulation of matrix factorizations 
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becomes the appropriate framework. In practice this means that a L>-brane, P, repre¬ 


sented by a n X n-matrix factorization (|1.6|) is supplemented by two ^3 representations 
Ro and Pi of dimension n: 


P = 


Jp 


Ep 


(5.2) 


(fo, O 

such that, in addition to the factorization condition (|1.4|), one also requires the equiv- 


ariance condition 26 


Jp{x) = R^{k-^)Jp{p{k)x)R^{k) , 
Ep{x) = R^{k-^)Ep{p{k)x)R^{k) . 


Note that these relations also require an adjustment of the notion of gauge transfor¬ 
mations. Namely, it is easy to infer that a gauge transformation (|1.5| ) induces also a 
conjugation transformation acting on the representations Rq and Pf by 


Ro{k) ^ R^{k) Ur , Pf (A;) ^ Up Pf (A)) . (5.4) 


We demonstrate this idea by going through the matrix factorizations that we 
have encountered so far. The easiest example is the trivial P-brane conhguration, V, 
given by the 1 x 1-matrix factorization, Jy = 1, Ey = W, which corresponds to the 


vacuum. For this conhguration the equivariance conditions (|5.3|) are fulhlled as long as 
Rq (^) = RY (^) = for any a = 1, 2, 3. The triviality of the D-brane conhguration 
manifests itself in the fact that the two representations Rq (k) and RY(k) must be 
the same. 

For the 2 x 2-matrix factorization, S, the equivariance yields three possible rep¬ 
resentations Pq and Pf, which read 


Pq (A:) = Diag (u 




pf (k) = Diag (uj 


—a k , —(a+1) k 
, Cp 


(5.5) 


Taking into account the orbifold Z 3 action therefore results in three diherent 2x2- 
matrix factorizations, which are distinguished by a = 1, 2, 3. Thus in the orbifolded 
Landau-Ginzburg model the 2 x 2-matrix factorization, Sa, gains an additional label, 
a, which specihes the choice of representations Pf and Pf. 
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Analogously, we find for the 3 x 3-niatrix factorization three possible representa¬ 
tions 

Rl^ik) = " 13x3 , Riik) = " Isxs , (5.6) 

which give rise to the three distinct branes, La, labeled by a = 1, 2, 3. 


Note that the equivariant labels allow us to unambiguously distinguish among 
all the short- and long-diagonal branes illustrated in [big. 1 | . This use of equivariance 
means that we can go beyond the vector bundles discussed in ref. and enables 
us to deal with objects that are more general than vector bundles in the large radius 
limit. In particular, recall that one of the short branes, 82 , is the T>0-brane and this 
is not associated to a vector bundle but rather to a point-like sheaf. 


Tachyon condensation provides the opportunity to make extensive direct tests of 
this equivariant formulation of the Z 3 orbits of branes. We will now examine this in 
detail but hrst we need the appropriate equivariant modihcation of the open-string 
spectrum [^. Just as in (|1.15|) , a boundary changing operator fl'(p,Q) of an open 
string stretching between the brane P and Q can be pictured by the diagram: 





Eq 

io) 


(5.7) 


In the equivariant context, the physical state conditions, (|1.16|) , of the maps, 'i/jq and 
i/ji, of (the fermionic) operator, are now supplemented by the equivariance 

conditionii 


'ipo{x) = Rf{k ^)'il)o{p{k)x)RQ{k) , 
V^i(x) = R^{k~^)'4)i{p{k)x)R^{k) . 


This condition amounts to a selection rule upon the original (non-equivariant) tachyon 
spectrum. The selection rule tells us which, if any, tachyon appears between different 
members of the Z 3 families. It also tells us the Z 3 label of the condensed state. We 
now illustrate this with some examples. 
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A similar equivariance condition applies for the bosonic operators. 
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5.2. A reprise of tachyon condensations of P 2 X 2 


In calculating tachyon condensations, our modus operandi consists of two basic 
steps: First we analyze the boundary changing operators of the constituents in terms 
of equivariant matrix factorizations. Then we build up the composites via the cone 
construction, (|1.18|) , and simplify the result (if necessary) using gauge transforma¬ 
tions, ( |1.5|) and (|5.4|) . We begin by returning to the examples of tachyon condensation 
already introduced in section 1.2. 

The simplest example is brane/anti-brane annihilation between Sa{c() and Sb{P). 
Recall that the fermionic identity operator, ( p..22|) , appears in the open-string spec¬ 
trum of the boundary changing sector provided that a — p. Moreover, equivariance 
imposes an additional constraint on the existence of this operator, i.e. due to (|5.8|) 
the representation Rq and Rf acting on po = 12x2 and the representations Rf and 
Rq acting on tpi = 12x2 must pairwise coincide. In other words the fermionic identity 
operator, (|1.22| ), can only form a condensate of 5'a(a) with 5'a(Q;).i3 

Applying the cone construction to the constituents Sa{<y) and Sa{o:) using the 


boundary changing operator, (|1.22|) , one obtains the following composite: 


Jv = 


J2x2{oi) 

0 


l 2 x 2 

-E2x2ioi) 


Ey — 


E2x2{of) 

0 


l2x2 

- J2x2(<a) 


(5.9) 


Note that the constant entries in the matrices, Jy and Ey^ mean that one may make 
elementary simplihcations by “row and column elimination”. Here we simply observe 
that because there are two independent constant entries in Jy and in Ey, the method 
of row and column elimination shows that the composite, (|5.9|) , is gauge equivalent 
to four trivial brane-anti-brane pairs. Thus, within the T>-brane category of R-type 
T>-branes, the tachyon condensation of Sa and Sa describes the annihilation to the 
vacuum: 

Sa{0 SaiO ^ V , (5.10) 

where Q is given by = neiO- 

In equivariant matrix factorizations going from the brane P to the anti-brane, P, does 
not only exchange the matrices {Jp,Ep) with {—Ep,—Jp) but is also accompanied by a flip 
of the representations {Rq ,Ri) to {Ri,Rq). 
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The other example considered in Section 1.2 was the condensation of Sa{c() with 
The relevant bonndary-changing operator, /3), is given in eq. (|1.23|) 

and the condensation process has already been described in section 1.3. Here, we 
want to re-examine the discnssion so as to elncidate the selection rnles arising from 
equivariance. First, the form of the tachyon, /3), constraints the equivari- 

ance labels, a and b. That is to say, that evalnating condition (|5.8| ) together with 
the representations (|5.5|) of Sa and Sb yields the relation b = a -|- 1. Hence, the 
boundary changing operator /3) only appears in the open-string cohomol¬ 

ogy for the “equivariant pair” Sa{c() and S'a_|_i(/3), and only for such a pair can this 
fermionic boundary operator be used to construct the composite, Sd'y), determined 
in eq. ( p..29|) . 

Furthermore, we can also determine the equivariance label, c, of the resulting 
composite, The representations, (|5.5|) , of the constituents, Sa{o:) and Sa +i(/3). 


(5.11) 


yield, for the untransformed composite, (1.26) the representations 


Ro{k) = , 


Ri{k) = Diag (w 


(2 — a)k , Al — a)k , —ak , —(a-\-l)k 

' ' [jj ' ' 111 '' 


UJ 




As discussed in section 1.3, by acting with a gauge transformation, Ul, Ur, the 
composite, o. can be cast into the 4 x 4-matrix factorization (|1.27| ). However, 
this gauge transformation also induces a corresponding conjugation action on the 

), and hence, after dropping all the triv- 


representations, (|5.11|) , according to 
ial brane-anti-brane pairs, we readily read off the resulting equivariant 2 x 2 -matrix 
factorization, which turns out to be 5 'a-i- 2 ( 7 )- 

Before we move on to the next example, we can gain some further insight into the 
open-string parameters, 7 ^, given in ( p..28| ), by rewriting them in terms of uniformizing 
parameter along the lines of eq. (|1.12|) . Namely, with ai — (3i — ni{X) 

the parameter 7 ^ can be uniformized by 7 ^ = — A), where we used eq. (p. 6 |) 

after substituting xi by /3^. Thus schematically the tachyon condensation process is 
summarized by 


SaiC) 


(Sq 




Sa+i(A)^S„+2(C-A) . 


(5.12) 


The next task is to construct the long-diagonal H-branes, L, by tachyon con¬ 
densation of two short-diagonal H-branes S. From |Fig. 4| we readily infer that one 
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is required to condense the brane Sa{o() with Sa+ 2 {P) in order to reach L as a con¬ 
densate. Thus we seek a fermionic boundary changing operator, ^ in 

the spectrum of open-strings stretching from Sa to 5 'a+ 2 -^ By once again taking 


advantage of the equivariance condition, (|5.8|) , we readily deduce the degrees of the 
entries of the fermionic boundary changing operators: 


V’o 


f h{x) l 2 {x)\ 
\h{x) u{x) J ’ 


V’l 


/ k{x) q{x) \ 

V c Iq{x) ) 


(5.13) 


Here c has degree zero, li, ..., Iq are linear and q is quadratic in A detailed analysis 
of the corresponding fermionic cohomology element along the lines of eq. (|1.16| ) and 
( p..l7|) eventually reveals: 


\Gs{a,(3) Gi{(3,a) J 


(G^{a,(3) H{a,(3)\ 

\G{a,l3) G^{fi,a)) 


with 


G{a^(3) — —a3/?3 ( 0 : 3/32 — q;2/?3) : 


(5.14) 


(5.15) 


and 

G'i(q;, P) 
6 ^ 2 ( 0 ;, P) 
(^ 3 ( 0 ;, P) 

(^ 4 ( 0 :, /3) 


The precise argument is actually a bit more involved: From the A-model mirror pic¬ 
ture we know that Sa intersects with Sa +2 once, and hence we expect (at least) either one 
fermionic operator or one bosonic operator in the spectrum. The orientation of the intersec¬ 
tion tells us whether the operator is bosonic or fermionic. Since the intersection of Sa and 
Sa+i has the same orientation as Sa with Sa +2 the fermionic operator, , implies 

the presence of a fermionic operator ^ 


as (Po + Ps) 

— ~ {oisPl + OiiPs) X 2 H- -pTT, -^3 


PiPs 


= (<^2/33 - 0:3/32) X2 , 

= (03/32 - 02/33) Xi -h 

_ 03/32 ( 03/32 — 02 / 33 ) 

P 1 P 3 


03/31 

Ps 


oijPs 

03 


Xs , 


03 (q;2/3i + 01 / 32 ) 02 O 3 (/3| -h Ps) 

3- n - ^2 - r,\ n -^^3 , 


P 2 


P 1 P 2 P 3 


(5.16) 
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and 


if (a,/?) = 


a2/?2 (q;3/32 - q;2/?3) 2 , («2a3/3? - a\f^2(^z) 


aia^(3i(3z 


-xf + 


0(20(s/32l3s 


x^. 


+ 


alPfPs - oiia^iPl) {al^l - all3l) ctg/Js - a2l3^ 

X 1 X 2 + ^- n n n ^1^3 H-- X^X-^ 


Ctl«2Q^3/5l/32/?3 


Ctl«2C^3/?l/?2/33 


^ 2/^2 


(5.17) 

Next we use this fermionic boundary-changing operator, \l/^g ^ + 2 )^*^’ form the 

composite 


Jl(q!,/3) = 


-^ 2 x 2 (/ 5 ) ' 0 o(a,/ 5 ) 

0 J2x2{P) 


EL{oi,(3) = 


-J2x2{/3) 

0 E 2 x 2 {P) 


(5.18) 

Note that the matrix El contains a constant entry, which allows us to perform row 
and colu mn eliminations so as to obtain a 3 x 3-matrix factorization. Moreover, from 
the degrees of the entries of i?L, it is apparent that the row and column operations 
precisely remove the linear entries in El- Therefore the matrix El becomes, af¬ 
ter removing the trivial brane-anti-brane pair, precisely the matrix i? 3 x 3 with only 
quadratic entries. Conversely, after row and column elimination, Jl contains only 
linear entries and takes the form the matrix Jsxs- 

The hnal task is to relate the result of this row and column elimination to the 
standard form of the 3 x 3-matrix factorization stated in (|1.10|) , and thereby determine 
the precise form of the brane, L. This is achieved by an appropriate gauge transfor¬ 
mation that allows us to determine the open-string parameter of the composite in 
terms of ai and /3^. The result of this, straightforward but tedious, analysis yields (in 
terms of the parameters ( and A of the uniformized functions ai — = /i^(A)): 


Sa{0 ^ . ^a+2(A) 


LailiC 


A)) . 


(5.19) 


Before we conclude this section, a few comments are in order: First, note that 
the factor | in the uniformizing function correctly reproduces the periodicity of the 
3 X 3-matrix factorization observed in eq. (|4.5|) . Furthermore, the enhancement of the 
3 X 3-matrix factorization to the 4 x 4-matrix factorization observed in section 3.4 also 
becomes manifest. Namely, the indecomposable 4 x 4-matrix factorization is obtained 
for \ ^ or ^ ai- In this limit, the constant entry (|5.15|) vanishes and the 
composite, (|5.14|) , becomes gauge equivalent to the exceptional factorization P 4 X 4 in 

CT) . 
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6. Constructing more general matrix factorizations 


So far we have analyzed some examples of tachyon condensation among the known 
factorizations -P 2 X 2 and Psxs, and shown how the latter can be obtained as a con¬ 
densate of the 2x2 factorization. We have also seen how the 4x4 factorization 
P 4 x 4 , which is more natnrally associated with bonndary fermions, can be prodnced 
by condensation and how it connects to the moduli space of the 3x3 factorization. 

We now wish to go beyond this and obtain new factorizations. There are several 
techniques that we can use to do this, and in this section we will describe them and 
determine the tachyons that we will need to create a number of new factorizations. 
In the subsequent sections, we will present a list of the resulting factorizations and 
discuss some of their properties. 

6.1. New matrix factorizations and tachyons from transpositions 

Given a matrix factorization P = (J, E), one can obtain another matrix factor¬ 
ization by transposing the matrices J and E. We denote the resulting factorization 
by 

P^ = {J^,E^). ( 6 . 1 ) 

According to the equivariance condition (|5T^), transposition also acts upon the equiv- 
ariant representations, Rqi, by: 

Rf{k) = Rf{k-^) , Rf{k) = Rf{k-^) . (6.2) 

Applying the transposition operation to the branes Sa and La we hnd (modulo 
simple gauge transformations) the corresponding transposed matrix factorizations to 
be: 

sJ(C) ~ . £l(C) ~ . (6.3) 

In general the transposed matrix factorization can give rise to new matrix factoriza¬ 
tions, which are not related to the original factorization by changing the open-string 
modulus or by passing over to the anti-brane. We will encounter such an example in 
with the two 5x5 factorizations, Psxs and that describe two distinct classes of 

H-branes. 
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In the language of MCM modules, the transposed matrix factorization is asso¬ 
ciated to the dual MCM module. In particular, eq. (|6.3|) illustrates that the brane, 
L, at C = 0 is invariant under transposition, which reflects the self-duality of the 
corresponding exceptional MCM module at C = 0 in the open-string moduli space as 
discussed in Section 4. 

Suppose we have a known tachyon, \1 /(p q), satisfying the physical state condition 
( |1.16|) . Then the transposed physical state condition reads 

0 = + 

which we readily identify with the physical state conditions for a fermionic boundary 
changing operator, Tj-qt px) ~ ('0 q",'0 ^), of an open string stretching between 
and . 

To illustrate this procedure we choose as an example the fermionic bound¬ 
ary changing operator, fE'(s^(A),La+i(C)) open string stretching between S'a(A) 

and La+i{C). This immediately gives rise to the boundary changing operator, 

open string stretching between and 5'J(A), which we 

can hnally convert according to (|6.3|) to the fermionic boundary changing operator 

^(L_._i(-C),S_„_i(A)) ~ ^(LT^,(C).5J(A)) , (6.5) 

where those two boundary changing operators are related by the same gauge trans¬ 
formation that gives rise to the corresponding identihcation in eq. ( |6.3|) . 

6.2. Creating bound states at threshold 

In obtaining matrix factorizations via condensation, there is a signihcant differ¬ 
ence between the situation where the D-brane charges, (r, ci), of the end product 
are co-prime or have common factors. In particular, when they have a common fac¬ 
tor, it turns out that there is a simple canonical procedure for obtaining the matrix 
factorization as a “bound state at threshold”. 

To illustrate the basic physical idea it is easiest to use the A-brane mirror picture 
where the charges (r, ci) correspond to winding numbers {p,q). The tension m of 
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a BPS-saturated P>l-brane is then simply proportional to its length on the covering 
space of E, as shown in |Fig. 1| . That is, 


m 


q + pp\ , 


( 6 . 6 ) 


where p is the complex structure parameter of the mirror torus. It coincides with 
the Kahler parameter of the original S-model, which decouples in the topologically 
twisted theory so that we have no control over it.il However, things are simple on 
the torus; in particular, there are no lines of marginal stability on the Kahler moduli 
space, so all what matters is that the tension is linear in the charges. This implies 
that if we only know the charges, {p,q), we cannot distinguish a single string with 
winding numbers {np,nq) from n strings, each with winding number {p,q). Such 
single-string conhgurations are commonly referred to as bound states at threshold 
13] .H In general, it is often unclear whether a combination of states with equal 
charges will actually form a true bound state at threshold, or whether the state is 
simply a multi-particle superposition of the constituents. 

In matrix factorizations, where we have additional information in form of the 
open-string moduli, we can, in fact, easily see the difference between a bound state 
at threshold and a mere direct sum of its constituents. In the following, we consider 
only the condensation of a pair of identical branes but more general conhgurations 
can be treated in a similar way. 

Consider hrst a pair of identical branes, P, but with distinct position moduli, a 
and (3. It is clear that as long as a 7 ^ /3, the branes do not intersect and thus there 
isn’t a tachyon that could possibly lead to bound state formation. The combined 
system is characterized by a block-diagonal matrix factor 



(6.7) 


In the Landau-Ginzburg model, which corresponds a ^3 orbifold of the torus CFT, p is 
fixed to be a third root of unity, but in the orbifolded Landau-Ginzburg model, the Kahler 
modulus p becomes a free parameter. 


Of course, when (p, q) are co-prime, all multiple string configurations with the same net 
winding number cannot satisfy the BPS bound because the triangle inequality implies that 
their total length will not be minimal. 
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and similarly for Epp. The vector bundles corresponding to Jpp and Epp are thus 
trivial direct sums. What is the moduli space of such a con£guration?iil The naive an¬ 
swer is that it is simply given by the direct product of the individual moduli spaces. 
However, there exists a gauge transformation that switches the roles of the block 
matrices. That is, Jpp{a, (3) is gauge equivalent to J(/3, a)pp, and since gauge equiv¬ 
alences are equivalences in the full category, it follows that the open-string moduli 
space is given by the symmetrized product of the individual moduli spaces, i.e., 

Tlpp = Sjm\E) , (6.8) 

which is entirely to be expected because the T>0-branes are indistinguishable. 

The identifying gauge transformations have a hxed point when the branes coincide 
and this leads to an orbifold singularity in the moduli space when (3 = a. This 
is reflected in the physics in that, when the branes move on top of one another, 
the cohomology jumps and a tachyon appears (in a similar manner to the results 
discussed in Section l).il Since the physical state condition at /3 = a is identical to 
the equation that determines the boundary preserving endomorphism. Op, the new 
operator Oj-pp) = tl'(p,p) has the exactly the same form as Op, however, due to the 
implicit Chan-Paton labels it is really a boundary changing operator because it acts 
between different O-branes. 

Because the “tachyon” 0(p p) = (O^pp^, O^pp^ has charge one, it is a marginal 
operator of the theory that couples to a dimensionless modulus, (ci- 

JppiaXn) = 

Switching on (q condenses the two-brane system into one indecomposable object, 
which is a genuine bound state at threshold. Indeed, the off-diagonal terms in 
( |6.9|) generically transform non-trivially between coordinate patches on the torus and 
thereby make the vector bundle dehned by (|6.9D into a non-split extension of the orig¬ 
inal vector bundles. This clearly shows the usefulness of the extra moduli information 

We thank Robert Helling for asking this question, which then lead to the following 
discussion. 

Again, both a bosonic and a fermionic tachyon appear at (3 = a, so that there is no net 
contribution to the intersection index. 
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carried by the factorization, as the existence of snch an object cannot be inferred from 
the i^-theory charges alone. Mathematically, the interpretation of this extra degree 
of freedom is that it resolves the singularity oi DJipp. We have depicted the situation 


in [Fig, f . 



Fig. 6: The upper part of this diagram shows the moduli space, 
dhlpp ~ Sym^(S), of two identical branes but with independent 
moduli a and (3. A new branch emerges at the singularity at a = /3. 
Switching on (q moves the factorization onto this new branch and 
the reducible two-brane system condenses into an indecomposable 
bound state at threshold. 


The tachyon, ^(p p), responsible for creating bound states at threshold, can be 
explicitly obtained by following an observation in ref. |^]. Let P = {Jp{a),Ep{a)) 
be a matrix factorization, where ai are the usual functions of the brane moduli: 
oit — TiiO- Oiie has 

Ep{a) ■ Jp{a) = W 1 . (6.10) 


Taking the derivative of the above equation with respect to C, one obtains 


Ep{^Oi) ■ d^Jp^ot) + d(^Ep(^c() ■ Jpiot) = 0 , 


( 6 . 11 ) 


which becomes the physical state condition, ( p..l6|) , for the following tachyon between 
identical branes: 


O 


( p ! p ) “ 9c^Jp{a), 


“(p,p) 


— d(^E pi^oi). 
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( 6 . 12 ) 












That this operator is not exact follows from the fact that its boundary preserving 
version describes the non-trivial marginal operator associated with the open-string 
modulus, (. 

For our present purposes, it is simpler to work with derivatives with respect to 
the ai, rather than with respect to the flat coordinate, C- However, the ai are not 
independent since they must he on the cubic curve. This is easily taken into account 
by taking a particular linear combinations of derivatives. We hnd that the 




OLl 


d 

dai 


(6.13) 


where = H£{—2(), does the job in lieu of the (^-derivative in (|6.12| ).ii To summa¬ 
rize, we can write the following concise cohomology representative for the “tachyonic 
modulus”: 

^(P,P)(<^) = T’(q!)Qp(q;) . (6.14) 


6.3. Completing the links in the quiver diagram: Tachyons between S and L 

The spectrum of open strings connecting long branes to short branes/anti-branes, 
falls into four distinct classes (ignoring equivariance labels): 




(S,L) 




(L,S) 


^{L,S) and 


(6.15) 


The tachyons for the last two classes may be obtained from the hrst two using trans¬ 
position as outlined in Section 6.1. Thus, we shall focus here on the hrst two classes 


alone. The prediction based on the quiver diagram shown in [Fig. 3| is that there should 
be one tachyon of type one tachyon of type 4/(5^ and two tachyons of 

type The degrees of the terms in the relevant tachyon operators are ob¬ 


tained by using the equivariance condition (^). We hnd that the number of solutions 


to ( 1.16 ) is indeed consistent with the quiver diagram. 

We now present the explicit expressions that we hnd for the tachyons. We denote 
the moduli associated with the L and S branes by = /U^(C) and (di = friiX), 


The ae satisfy the following two identities, enabling us to show that oc d/dC,\ 
dtiOii = 0 and 6i\oi20:^ -|- 0:2013011 - 1 - 6130110:2 = 0 . 
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respectively, and let 7^ = — X). We then find the following rectangnlar matrices 

for the hrst kind of tachyons: 




(Sa,La + l) ■ < 


V’O 


( ai73 
0^272 
\q;37i 

/ -/^sTs 
-/?37i 
\ -/?372 


as 72 
ai7i 
0^273 

J:iQ27l I a:3Ql7l 

«l/3l Q3/32 

a:i«l72 I 3:30:372 
03/?! 02/32 

3:20271 I 3)10373 

03/32 02/31 



320172 
02/32 
320373 
oi /32 
I 330273 
Oi /32 


where a = 1, 2, 3. This tachyon gives rise to the composite as given below: 


(6.16) 


^a(A) 


(■5a j-t'a + l) 


-^a+l(C) 5a+l(3C + A) 


(6.17) 


In arriving at (|6.17D , we used the constant entries in the tachyon to carry out row and 
column reductions and discarded three ‘trivial’ Pixi and Pixi vacuum pieces. 

The tachyon can be shown to be gauge equivalent to xi times the tachyon 




(‘S'a + l) 


in 


&■ 




(6.18) 


It is easy to see that any function linear in the Xi multiplying iI/(5^,La+i) satisfy 
the physical state condition. However, it turns out that there is only one non-trivial 
cohomology element that can be obtained in this way. This is the tachyon that leads 
to a new 5x5 factorization that will be discussed later. 


The last kind of tachyons comes with a multiplicity of two, and we distinguish 
them by adding a superscript: 


S / • < 

(i^a ,‘^a + l ) 


and 



0^2PlP3 

\ 


0 

310)371 I 3)271 3372 

ai02/3i ' 03/33 ' 02/3i 

32(o3/337l-Q)i/3l72) 
0i02O3/3i/33 


3173 

03/33 

32 73 

03/33 


0!i/33 

3171 

02/33 




3172 _ 32 73 
03/33 02/3i 


(6.19) 


s 1 ■ < 

l,3^a ,>3a + l ) 


3372 
= P 1 P 2 



32 02 73 


310373 


Oi/3i/32 OC 2 P 1 P 3 

-72 

32 73 _ 3171 3:372 

0)3/33 02/33 03/3i 


3172 

01/33 


3271 


32 72 


3i/3273 

02/3i/33 

3173 


X\Oi2l2 _ 3271 
Oi/3i/33 /3i/33 

0 

310272 


32 0172 


3373 


02/33 oi/3i 02/33 


Oi2p2p3 P 1 P 2 
73 

32 72 _ 3373 
02/33 oi/3i 


0103/31 
32 ( o 2/3|73-01/3^72) 
0iO2/3i/32/33 


( 6 . 20 ) 
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We can form the same composite with either one of the tachyons, nsing as before the 
constant entries in i/jq to carry out row and column reductions and thereby discarding 
one trivial, -Pixi, vacuum piece. The result is the 4 x 4-matrix factorization, P 4 x 4 , 


as shown in Fig. 4 and discussed in Section 7. 


7. All rank two factorizations obtained via tachyon condensation 

We will now use the tachyons found in the previous to write down explicitly all 
rank-two matrix factorizations. Note that these do not describe all rank-two vector 
bundles, but only those for which the charge vector, (r, ci), lies in the positive cone. 
By equivariance, a general rank-two vector bundle for which (r, ci) is outside of the 
positive cone, can be mapped to a bundle within the positive cone but with r > 2 . 
These correspond to higher rank matrix factorizations. 

From [Fig. 1| and |F4g. 4] one can see that there are six different factorizations to 
be considered. These are distinguished by their Chern numbers, ci, and we will take 
—2 < Cl < -|-3. These factorizations are shown on the right edge of the diagram in 
Fig. 4. 

There is one minor subtlety which arises from exceptional matrix factorizations. 

Recall from Section 4 that the moduli space of some bundles may have singularities 

and that their smooth resolution can involve an extension of the matrix factorization 

and thus, to a corresponding extension of the underlying bundle to one of higher rank. 

We encountered this with the “exceptional” bundle that appears in the special matrix 
—0 

factorization, ^’ 4 x 4 - Such factorizations are rigid and do not exist at generic moduli. 
Thus our statement about there being only six different factorizations is meant to be 
true only for generic moduli. 

We have already seen that the vector bundle T(2,3) is obtained from Psxs, and 
thus it remains to construct the factorizations with ci = 0, ±1, ±2. Below we will ex¬ 
plain how to do this explicitly, and obtain a new 4 x 4-matrix factorization, denoted by 
P 4 x 4 and P 4 x 4 , which describes the vector bundles T(2, 2) and T(2, —2) respectively; 
a 6 X 6 -matrix factorization, PqxGj and corresponding to T(2, 0); and a 5 x 5-matrix 
factorization, P 5 X 5 , which gives T(2,1). The bundle T(2, — 1) is associated with the 
transpose, P^x 5 - 
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7.1. Chern number ±2 


Since we already know that the 2x2 factorizations correspond to line bundles 
with Cl = ±1, the construction of bound states at threshold will lead us to rank 
two bundles with ci = ±2 respectively. Using (|6.14| ), we consider the 4 x 4-matrix 
factorization given by 

f J2x2{oi) '00 ^ 

V 0 J2x2{oi) ) ’ , . 

fE2x2{cx) 01 ^ ^ 

V 0 ^ 2 x 2 ( 0 :)) 



The explicit form of the tachyon that we obtain is given below: 


00 = V{a)J2x2{(y) 


r 2X1X20-2 

= I L aiQ ?3 


o^x^ 2x‘^dL\ 

Og 0202 , 

X^Q.\ — 2 : 20:3 


+ 


xla2l 


[( 


2 x 201 

0203 


2 x 303 W _ 

ai 012 ' ^ 013 

XiQ^s — X^Oi2 


T|“. 


5 


01 = V(a)E2x2{cx) 


( xida — X3 q;2 
2^20:0:3 — X3 Q;i 


2023^1 I / 2x303 _ 
0 : 10:3 ^ 0102 

r_ Q 30 I 2 X 2023^1 

i 03 ' 0103 


2 X 201 

0203 


)xi + 


23j2^1 j 
0203 


X 2031 

2 

X ^02 1 


o 


T 

2 


(7.2) 


where ai denotes iJ.i{—2Q. The matrix bundles, £j and for the 4x4 factorization 
are associated with the vector bundles T(2, 2) and T(2, —2) respectively. Because of 
the behavior of ^ 2 x 2 under transposition, it follows that PJxa gciuge equivalent to 

P 4x4- 


7.2. Chern number 0 

The 3 X 3 factorization gives us two matrix bundles, Sj and Se, one having rank 
one and degree zero and the other having rank two and degree 3. Therefore, the 
composite factorization will consist of one matrix bundle of rank two and degree zero, 
plus a bundle of rank four and degree 6, of the following form: 

—Esxsioi) 00 

0 —E^xsioi) 

-Jsxsia) 01 ^ 

0 —J^x2,{cy)) 
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The explicit form of the tachyon is then given by (with ai denoting 


V’o = T>(a)£^3x3(a) = 


aixf 

2x2x301 

03X^ 

2 X 1 X 203 

02X2 

2 X 1 X 302 


020:3 

^3 

Oi O2 

0^ 

02 

0103 

02X3 

2X1X202 

0:1X2 

2X1X301 

03X1 

2x2x303 

^2 

0103 

o^ 

0203 

0^ 

03 

Oi O2 

03X2 

2x1x303 

02X1 

2 X 2 X 302 

OiX^ 

2xiX201 

^3 

0102 

0^ 

^2 

0103 

o^ 

0203 




ipi = V{a)J3x3{cx) 


V 

( Xi&i X 3 a 2 X 2 & 3 \ 
X 36'3 X 2 &I Xia2 1 
X 2 (X 2 X 1613 X 3611 j 


(7.4) 

Recalling the results for P 3 X 3 from [Table 1| , we see that the matrix bundles, £j and 
8e^ are associated with the vector bundles T(2, 0) and T(4, 6 ) respectively. Note that 
is gauge equivalent to Pq^q{—Q^ which follows from the known behavior (|6.3|) 
of ^ 3 x 3 under transposition. 


7.3. Chern number ±1 


These two composites arise as 5 x 5-matrix factorizations that are transposes of 
each other. The composite obtained from the tachyon T.-e -r n is given by 


-^5x5 : 


J = 
E = 


f —E3xz{ot) 

V 0 

{ —Jsxsioi) 

V 0 


V^o(<a,/5) \ 
-E2x2{P) j 

-J 2 X 2 W)) ’ 


where the tachyon is explicitly given by: 






{Sa,La) 




'Ipl 


^ -l33l2,Xl 
V-/5372a^i 

/ 0 : 173 X 1 

I 0272 X 1 

\ 0371 X 1 


2 \ 

Q27i3:i _j_ ai7ixiX3 _ 01722:13:2 \ 

Ql^l 03/32 0 2/32 

2 

Ql 723 :i I 03723:13:3 _ 03733:13:2 
03/3i 02/32 01/32 

02713:13:2 I 03733:1 , 02733:13:3 

03/32 ' 02/3i ' Otlp 2 / 

0372 X 1 
O 171 X 1 
0273 X 1 



(7.5) 


(7.6) 


where 7 ^ denotes fre{—C — A). For Psxs, the matrix bundle £j is associated with 
the vector bundle T(2,5) = T(2, —1). The factorization as given in (|7.5|) seemingly 
depends on two open-string moduli, ( and A, of the 3x3 and 2 x 2 matrix factorizations 
that form the composite. However, one can carry out a gauge transformation such 
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that the factorization depends on only the combination (3^ + A). This combination 
is to be identihed with the physical open-string modulns of the composite. The form 
of the factorization after such a gauge transformation has been given in Appendix C. 

As we already mentioned in Section 6, the remaining 5x5 matrix factorization, 
corresponding to T(2,1), can be obtained by transposition and we will therefore denote 
it by P^x 5 - This then completes the list of all matrix factorizations related to rank 
two bundles. 


8. Summary and conclusions 

Our purpose has been to show how matrix factorizations, physically realized in 
terms of boundary Landau-Ginzburg models, can be used as an effective computa¬ 
tional tool for dealing with topological S-type branes. Once again we stress that to 
precisely understand these S-branes, one must understand the derived category and 
not merely the A-theory of the branes. That is, it is not sufficient to classify the 
branes in terms of their charges, but one must also understand the equivariant maps 
between the branes (as well as the dependence of all these quantities on the complex 
structure moduli). In more physical terms, this means classifying the tachyons be¬ 
tween branes and understanding the condensates they produce. We have seen that 
matrix factorizations provide a very explicit way of realizing the branes and of per¬ 
forming such computations. Moreover the description of S-type branes via matrix 
factorization appears to be complete in that the results of refs. show that the 
derived category of topological S-type T>-branes is isomorphic to the category of ma¬ 
trix factorizations 0,0 (at least for a large class of geometries). Thus we have 
an explicit and relatively simple way of representing the category of topological B- 
branes, as well as performing computations that capture the dependence on moduli, 
in a manner that is easily accessible for physicists. 

To flesh-out this picture, we have shown how such computations work in practice, 
and while we have focused on the cubic torus, the ideas involved appear universal. We 
showed how the bundle data for the branes and anti-branes can be extracted directly 
from the matrices. These bundle data are ambiguous in a way that is familiar from 
the bulk linear sigma model: Generically, there is a monodromy around the “large- 
radius” limit in the Kahler moduli space that makes the bundle data ambiguous up 
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to an overall tensoring with the line bnndle . We have seen that this ambignity 
is mirrored in the S-model by a corresponding ambiguity in extracting the bundle 
data from the matrix factors. Moreover, the Zjv monodromy at the Gepner point in 
the Kahler moduli space is matched by the orbit of brane charges that one can 
associate with a given matrix factorization.il We have seen that these charges can 
be resolved by rehning the matrix factorization in terms of equivariant i?-symmetry. 
In this way, the Landau-Ginzburg model is able to describe general sheaves and not 
merely vector bundles. A more complete treatment, for instance based on the forth¬ 
coming description of the boundary linear sigma model |^, may be needed in order 
to precisely track states between Landau-Ginzburg and large radius phases, and de¬ 
termine how the bundle data evolve over the Kahler moduli space. 

Having explicitly shown how the matrix factorizations encode the details of the 
underlying vector bundles, we showed, in some detail, how tachyon condensation 
works within this framework. In particular, we demonstrated how repeated tachyon 
condensation of the 2x2 factorization can be used to construct, at least in princi¬ 
ple, the matrix factorizations corresponding to general vector bundles on the torus. 
Indeed, we showed how to obtain all previously known factorizations, including their 
dependence on moduli, from the 2x2 factorization (prior to this paper, the con¬ 
nection with the 3x3 factorization was only known implicitly, based upon the RR 
charges). We went on to construct all the matrix factorizations corresponding to rank 
two bundles on the torus. 


One of the crucial ingredients in understanding and organizing the process of 

The 


tachyon condensation was the application of equivariant A-symmetry |2G,32 


resulting orbits of branes are labeled by representations of 2 at, and when translated 
to the language of matrix factorization, these representations impose selection rules 
upon tachyons, and so effectively organize the tachyon spectrum between any given 
pair of branes. This enabled us to determine the correct tachyon to generate each and 
every possible condensate of the members of different multiplets. 


Note that these two monodromies are very different: tensoring with a line bundle merely 
shifts the Chern number ci, while the Zat monodromy at the Gepner point changes all the 
Chern numbers, including the rank. Indeed, these two monodromies taken together generate 
a (sub-)group of the full duality group of the theory, and thus a given matrix factorization 
will describe a whole orbit under this group. 
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One of the other interesting featnres we nncovered in this stndy of tachyon con¬ 
densation, and the bundles associated with matrix factorization, is how the bundle 
structure can jump, apparently discontinuously, on the open-string moduli space of 
the branes. We saw how such behavior is easily, and smoothly, described by matrix 
factorizations. For example, the 3x3 factorization is apparently singular at one point 
in its moduli space, however, we showed (following ref. that this singularity could 
be resolved smoothly by passing to 4 x 4 factorization that, at generic points in the 
moduli space, is equivalent to the 3x3 factorization. We found that the 4x4 fac¬ 
torization corresponds to a pair of rank two vector bundles, and, at generic points 
in the moduli space, one of these rank two bundles is split, be., it is a trivial sum 
of line bundles, but at the special point, where the 3x3 factorization is singular, 
both the rank two vector bundles are indecomposable. We interpreted this conhg- 
uration physically in terms of a pure anti-il>2-brane, which is rigid; deforming away 
from the special point corresponds to adding and pulling apart an extra F>0-F>0-brane 
pair, which amounts to a reducible bundle conhguration depending on an open-string 
modulus. 

A general class of examples that exhibits similar behavior was encountered in 
studying bound states at threshold. In this instance one combines two parallel branes 
and, if their moduli do not match, then there is no tachyon and the overall vector 
bundle is simply the sum of the component bundle for each brane. However when the 
moduli coincide then there is a new tachyon, formally given by a boundary preserving 
operator, and this condenses the branes into a true bound state at threshold that 
corresponds to a non-split extension of the component vector bundles. 

Another, related feature that we found interesting is that the gauge symme¬ 
try, inherent to any matrix factorization, sometimes leads to identihcations in the 
open-string moduli space; this can impose a non-trivial global structure on it, like 
an unexpected shortening of periodicities, or orbifold points that connect to new 
branches. 

We believe that many of the ideas and techniques we have used here will be 
applicable to more general Calabi-Yau manifolds. Once one hnds a set of matrix 
factorizations and suitable tachyonic, boundary changing cohomology elements, one 
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should be able to build more by condensation.!^ However, the obvious approach of 
trying to hnd matrix factorizations pertaining to something like the quintic threefold 
does not seem to be straightforward. One can easily convince oneself by elementary 
counting arguments that matrix factorization of a generic quintic may be difficult: One 
simply totals up the degrees of freedom in the matrix elements, taking into account 
the gauge invariances, and subtracts the constraints imposed by (pT^). The result is 
generically negative, and thus one should expect interesting new matrix factorizations 
of the complete quintic only for special branes, and/or for special points in its complex 
moduli space. 

For example, at the Fermat point one has all the matrix factorizations arising from 
tensoring the matrices corresponding to Recknagel-Schomerus states of the underlying 
minimal models; the task would be to try to extend these away from the Fermat point. 
However, while for the torus the sections relevant for the simplest branes are explicitly 
known to be given by theta and Appell functions, much less is known about sections 
on threefolds. One the other hand, deformations of branes on threefolds will often be 
obstructed, so that there are no open string moduli to begin with; this may facilitate 
the construction of the corresponding matrix factorizations. 

Moreover, it might also be rewarding to focus on a kind of “hybrid” description 
of H-type branes. The same counting arguments that show that matrix factorizations 
for the complete quintic are rare, also show that if there are only three variables of 
any degree, then there will generically be matrix factorizations with possibly several 
moduli. This suggests that it might be productive to look at H-type branes dehned 
via vector bundles on sub-manifolds. For example, by adding two further equations to 
the function(s) that dehne the Calabi-Yau manifold, one can recast the Calabi-Yau, 
at least locally, as a Riemann surface hbered over a base, which may be amenable 
to a treatment similar to the one described in this paper. Specihcally, if one focuses 
on elliptically hbered Calabi-Yau manifolds, one may make direct use of many of the 
results presented here; this is presently under investigation. 

Of course, a major new ingredient and complication is the problem of stability |]|], but 
since this is tied to the Kahler parameters it is not clear to what extent this can be addressed 
within the topological R-model; for some ideas in this direction, see ref. | 32 | | . It is also known 
that some of the permutation branes cross lines of marginal stability, i.e., they can decay, 
when going to large radius. It is thus natural to carry out Seiberg dualities even in the 
topological B-model, where they appear as a change of basis. 
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Appendix A. Theta functions and Appell functions 

The theta functions and Appell functions are dehned by: 

= 0«|t) = 5^94"%". 


n€Z 


K 


{P ,0 = i^{p,C\r) = 


nE'E 


qlrP z'^ 

(t -y 


where y 7 ^ , m G Z and 


q = z = y = 


(A.l) 


(A. 2 ) 


(A.3) 


These functions also satisfy the periodicity relations: 

^?(^ + l) = 'd(^), 'd(^ + r) = q~^z~^'&{C), (A.4) 

k{p,^ + 1) =k(p + 1,0 = k{p, 0, K{p,^ + r) = yK{p,C) + 'd(0, 

+ ziyi^iP:0 + ^(6)- 

In addition, the Appell functions satisfy an interchange identity: 


^(P-i(l+ ^)) zy 1(1+ t),p- i(l+ r)) . (A. 6 ) 

By taking the limit as p ^ 0 on both sides of this identity one can then show that: 


-^(1 + ^)) 


q 8 ? 7 ^(t) 

^?(p- i(i + ^)) ’ 


(A.7) 
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where 


? 7 (r) 


is the Dedekind ry-function. 


9 * 11 ( 1 -«”> 

n=\ 


(A. 8 ) 


To uniformize the curve ( |1.1|) , we need the theta functions with characteristics: 


0 


Cl 

C 2 



g("i+Cl)^/2g27ri(^+C2)(m+ci) 


mez 


(A.9) 


and then dehne: 




i(i-£) 


3e,3r 


= i)qf2(2 + 3(^ 1))% (2+(^ 1)) ^(3^ _ -I-_ i|3 7-) ^ 

(A.IO) 


where u) = and £ = 1,2,3. One can then show that (| 1 . 1 |) is uniformized by 

taking xi — with the modulus, a, related to r via: 


/3a(a3 + 8)\3 

I a3-l ) 


j(^) ■ 


(A.ll) 


The associated Appell functions are then dehned by: 


A^(P ,6 = *(-l) 


-dT-1 ) nUh+h (^-1))" ^-(i+T-1)) 


nez 


(g3)l" (_,-(! + «-!)) ^3)' 


(9^) 


— y3 g(i+T-i)) 




k(3p+ (| + (£- 1))t, 3{- (f + (<- 1 ))t- pSr). 

(A.12) 


We now sketch some of the manipulations involving the p; that we used in the 
main text of the paper. A change in the sign of the argument of jii is the permutation 
(up to an overall sign): 


^l(-C) — -^l(C) , ^2(-C) — -fJ'siO , ^3(-C) — -^ 2(0 ■ (A.13) 

In the following, let us denote miC): and /U^(—C — A) by ai, (3£ and 7 ^, re¬ 

spectively. The addition formulae for the y/^(C) may be deduced from (|2.6|). For 
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example, by setting ^ one obtains formulae such as the one given below with 

the argument of the fit doubled: 


= /Ui(- 2 C) 


ai{al - a|) 

i'qijY 


(A.14) 


Similar manipulations also lead to (|3.3U| ) and ( [4.7|) . The following identities also follow 
from (| 2 . 6 |) : 

Q;i/ 3 i 7 i + 012(^212 + cts/^sTa = 0 , 

Q;i/ 3273 + a2/337i + Q;3/5 i72 = 0 , (A.15) 

Q;i/3372 + Q;2/3i73 + CK3/3271 = 0 ■ 


These identities are useful in solving the physical state condition and in identifying 
the open-string modulus of condensates. 


Appendix B. Row and colnmn elimination of matrix factorizations 


Specifying a matrix factorization, given by J and E satisfying (n), corresponds 
to choosing a representation for the (D[a:i, X 2 ^ a^sj-module homomorphism J and E. In 
general, however, there are different representatives for the same module homomor- 
phisms. In physical terms, the choice of representative means that we can act upon 
a given matrix factorization with a gauge transformation to obtain another matrix 
factorization that satishes the dehning condition (|1.4|) and thus describes the same 
D-brane conhguration. From the point of view of the category, such gauge transfor¬ 
mations act trivially on the objects and thus lead to an equivalent description. 


For a n X n-matrix factorization, the gauge transformations are given by eq. (|1.5|) 
with the transformation matrices Ul and as elements of GL{n,^[xi, X 2 , 2 ^ 3 ]). That 
is to say Ul and Un are invertible matrices in the polynomial ring (D [ 0 : 1 , 2 : 2 , 2 : 3 ] .lii 


In the following we often make use of the gauge freedom (|1.5| ) in order to rewrite 
a given D-brane conhguration in a convenient gauge. There are three basic gauge 
transformations which allow us to simplify matrix factorizations step by step. The 
idea is to simplify in each step one of the two matrices of a matrix factorization, e.g.^ 


A matrix is invertible in C[a:i, X2,2:3] if and only if its determinant is a non-vanishing 
constant. 
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J. A gauge transformation acting on J via Ul and Ur then also defines according to 
( |1.5|) the corresponding gauge transformation acting on E. 


The hrst basic gauge transformations are simply given by multiplying a matrix 
row r and a matrix column t of J by non-zero constants a and b respectively. For a 
n X n-matrix factorization this gives rise to the diagonal transformations matrices 

Ur («. b) = Diag (1,..., 1, 1, • • ■, 1) , (a, b) = Diag (1,..., 1, ^ 1, • • ■, 1) , 

= , UR{a,b)~^ = Diag , 1, 1, • ■ ■, 1 

(B.l) 

The second kind of gauge transformations are given by either adding the row r of 
J, multiplied by a polynomial, Pr{x), to the row s of J, or analogously by adding 
the column t of J, multiplied by a polynomial, Pc{x), to the column u of J. The 
appropriate transformation matrices are respectively given by 



(D 'S,Pr(a:)) = Ir 

Ul{r,S,Pr{x))~^ = Ir 


-t- , Uj^{r,S,Pr{x)) = l„xn , 

Ul{r,s,Pr{x))~^ = 1 


(B.2) 


nXn 5 


and 


Ul{t,U,Pc{x)) ^ Inxn , U\^{t,U,Pc{x)) = Inxn +Pc{x)rt, 


Ul{t,U,Pc{x)) = Inx 


Ul{t,U,Pc{x)) = Inxn - Pc{x)Tt,u , 


with 





(B.3) 


(B.4) 


With these simple transformation rules we can already deduce an important 
property of a given matrix factorizations P: If either the matrix J or the matrix 
E contains a constant, that is to say a non-vanishing entry of degree 0, the matrix 
factorization P simplihes as follows: For concreteness let us assume that the matrix 
J of an n X n-matrix factorization has a non-vanishing constant in the top left corner. 


First, we act on the matrix factorization with a transformation of the type (|B.1|) 
in order to normalize this constant to 1. Then we apply (n — 1) times the gauge 
transformations (p.2|) with r = 1, s = 2, ...,n and appropriate polynomials Pr{x) 
such that the hrst row of Jp becomes (1,0, ...,0). In a third step we apply the 
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gauge transformation ( p.3| ) n — 1 times with t = 1, u = 2,..., n and with suitable 
polynomials Pc{,x) so as to also reduce the hrst column to (1,0, After this 

chain of gauge transformations we obtain a gauge equivalent matrix factorization. As 
a consequence of ( |1.4|) both the hrst row and the hrst column of E have automatically 
been transformed into (bb, 0,..., 0)! Hence the original n x n-matrix factorization is 
really a (n — 1) x (n — l)-matrix factorization with a trivial irrelevant summand, Pixi- 
This technique, which reduces the dimension of a matrix factorization by applying 
gauge transformations, is in the main text referred to “row and colu mn elimination”. 


Appendix C. An explicit form of the 5x5 matrix factorization 

We present a form of the 5x5 matrix factorization with the open-string modulus 


is given by ui. This is gauge equivalent to the form given in (|7.5|) when ui ^z(3C + A). 
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x ^—3 axiX 2 
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X -[ X 2 l '2 
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^3 

i/1 t/3 
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-X 2 I 22 
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0 
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0 

X1I23 

0 
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X 2 V ^ — XlV ^-\- X 3 V ^ 
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0 

0 

0 

X3T^1 - X2l^3 

X1I23 - X3I22 




E^xb — 


V 

/ Xil^s 

X2T^2 

0 

V 0 
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Qi 
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1^2 1^3 
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X2{x2J^3—X3Vi) 
1'2 ^3 
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1/1^21^3 ' 

xi (a;i ) —a;21^11^2 ) 

^3 

XlX2 
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Qs 
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(C.2) 


Qi — 
Q 2 = 
Qs = 
Qa = 


U2xl - 3 aX 2 l 23 Xl -I- X3Z/3 


X 2 
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121123 

3axiX2 




123 12 i 12 i 

-121122123X2 - X3VI122X2 + X1X3 (nf + 12I) 


121 V 212 I 


1^21^3x1 + X 3 V 2 X 1 
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